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THE publishers having informed me that they were about 
to issue a new edition, I endeavored to dissuade them 
from it, on the plea that the more comprehensive works of 
Henck, Searles, and Shunk (all of which, in addition to curves, 
treat on levelling and other field operations) were better 
adapted to the purposes of young assistants. 

Their reply was that the continued demand for my book 
proved that some persons preferred to have the subject of 
curves in a portable form, by itself. Therefore, partly on that 
ground, and partly from a wish to show how some of the more 
useful problems may be applied to curves exceeding 18(P, I 
assented to a new edition, and, rather hastily, prepared this. 

The extension beyond 18CP has not, I believe, been hitherto 
attempted, although its utility has of late years been made 
evident in the tortuous canyons of our Western States and of 
* Mexico. 

The additional matter has nearly doubled the number of 
pages. 

The number of problems might be indefinitely increased by 
the aid of Euclid, or of any good modern work on geometry ; 
but in fact very few are required in actual practice. Any ex- 
traordinary ones that may present themselves can be solved 
by a drawing. In preparing his drawing for this purpose, the 
young assistant need not always confine himself to such scales 
as may be managed by the common dividers ; but when, as 
often happens, only a few chains of the curve need be drawn 
(including turnouts, etc.), he may with great ease lay them 
off on the same principle as in field operations, by using his 
1* V 



Vlll PREFACE TO FIRST EDITIOX. 

In Mutton's Tables, Fifth Edition, ISii. 

Sine of 6° 8^ for '10634^, read '1068425. 
Page 328, at top, for 25 D^., read 40 Deg. 
Tangent of 44° 60^, for '1000000, read I'OOOOOO. 
Tangent of 41° m% for '8994040, read '9004040. 

Xn I>r, Gregory's Corrected Edition (the Sth) of Hutton's 

Tobies, tS3S, 

Sine of 49° 14^ for '7576751, read -7573751. 

In Bossier's Tohles, 1S30, 

Sine of 78° 24', read '9795752. 

Sine of 20° 60', " '3583679. 

Sine of 66° 19', " '9157795. 

Sine of 66° 39', " '8363279. 

Sine of 56° 20', " '8224751. 

Sine of 53° 4', " '7993352. 

Sine of 48° 12', " '7454760. 

Sine of 45° 3', " '7077236. 

It is scarcely necessary to remark that, beyond 44°, the Sines, Tan- 
gents, etc., ai*e read upwards, from the bottom of the page, using the 
corresponding column of minutes. To find the sine of an angle ex- 
ceeding 90°, subtract the angle from 180°, and take out the sine of the 
remainder — because the sine of an angle, and that of what it wants 
of 180°, are the same. John C. Tbautwine. 

Philadelphia, 1851. 



BEMABK8. 

The principle upon which railroad curves are laid out, is found in 
Euclid. It was employed in 1761, in tracing the northern boundary 
of the State of Delaware. Col. Stephen H. Long, of the U. S. Army, 
was the first person who reduced it, by means of appropriate rules 
and tables, to the form now in general use. Professor Kankine, in 
his " Civil Engineering,*' claims to have been the first to publish the 
method in 1843 ; but states that he had used it in 1841. Col. Long's 
" Railroad Manual," with full rules and tables for curves, was published 
early in 1829 ; and was in general use among Engineers throughout 
the United States for twelve years before the earliest date claimed by 
Prof. Kankine. Samuel W. Mifflin, 0. E., of Pennsylvania, also pub- 
lished his "Railway Curves," based on the same principle, in 1837. 

My first edition was in 1851. Mr. Henck's widely known standard 
^Field-Book for Railroad Engineers" followed in 1854. 

J. C. T. 
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CHAPTER I. 



PRINCIPLES OF LAYING OUT CURVES. 



ARTICLE I. 



METHOn 1. 



To lay out a Curve by means of Tangpential Angles. 

If from any point B, Fig. 1, in a straight line A D, we 
lay off any number of equal 
angles, as D B «, s B f , < B t*, 
it B t?, etc., and at the same 
time make the chords B s, « ^, 
t Uf u Vy etc., equal to each 
other ; then the points B, s, t, 
u, V, etc., will be situated in 
the circumference of a circle, 
which is tangential to the line 
A D at the point B. 

The firet of these angles, 
D B .9, is called the tangential 
angky as being that by which 
the curve is connected with the tangent A D ; but inasmuch 
as the others are all equal to it, they also are called tan- 
gential angles. 

If any obstacle, as A, should prevent our seeing from B 
farther than to v, the curve may be continued by removing 
2 IS 




14 PRINCIPLES OF LAYING OL^ CURVES. 

the instrument to Uy the point preceding v ; thence sighting 
first on V, continue to lay off additional tangential angles 

V u w, w u Xy etc., as before. Or else, moving the instru- 
" ment to v itself instead of to Uy sight back to u, and lay off 

first the exterior angle j? v w, equal to double the tangential 
angle, and afterward continue the tangential angles wvx, 
X V gy etc., as before, to the end of the curve. 

Finally, in order to pass from the end of the curve at^, 
on to a tangent g z, place the instrument at g, and sighting 
back to Xy lay off the tangential angle x g o ; then o g 
continued toward z will be the required tangent. (See 
Art. IV.) 

For the tangential angles corresponding to different radii, 
and chords of 100 feet (the length adopted in this book), 
see page 18. 

Proof of Method 1. — Equal angles, s B ^, < B tt, etc., at 
the circumference of a circle, are subtended by equal chords, 
atytUy etc. Euclid, 

Remark. — In practice it will be more accurate to re- 
move the instrument to v ; sight back to B, and lay off 
the angle Hvl equal to D B v, thus bringing the telescope 
to sight along v L Then v I will be a tangent to the curve 
at V. Revolve the telescope, and it will then sight along 

V c, which is a continuation of the tangent v L Then from 

V lay off tangential angles c v Wy w v x, x v g, etc., as 
before ; at the same time making the chords v WyWXyXg, 
each 100 feet. 

ARTICLE II. 

METHOn f9. 

To lay out a Curve by means of Deflection Angles. 

Pig. 2. First, having, as in Method 1, laid off a tangen- 
tial angle D B s, and measured the chord B s, remove the 
instrument to the end s of the chord, and make the ex- 
terior augle m 8 t equal to tmce the tangential angle, and 
measure the chord st; and so on at the other points <, Uy t?, 
etc., making each of the exterior angles n t w, o u Vy etc., 
equal to twice the tangential angle, and all the chords equal ; 
then will the points B, .s, t, ?/, f, etc., be in the circum- 
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ferenoe of a circle which is tangential to the line A D at 
the point B, as by the first method. 

But if, at any of these points, as Vy we wish to pass off to 
a tangent v L, employ at that a b I> 

point the tangential angle 2 v L, 
equal to half the deflection 
angle z v w. (See Art. IV.) 

These exterior angles, in- 
cluded between any chord and 
the extension of the preceding 
chord, are called chord deflection 
angleSy or simply deflection an- 
gles, or sometimes angles of cur- 
vature. In any given circle, the 
angle of deflection is always 
precisely double the tangential 
angle, supposing the chords to 
be equal. At page 18, we give tables of the angles cor- 
responding to circles of different radii, embracing the limits 
of railroad practice ; and calculated for chords 100 feet i^i 
length, that being the usual length for a measuring-chain 
on public works. 

Proof of Method 2. — Equal angles, tcu,tcs, etc., at the 
center of a circle, as well as those at the circumference, are 
subtended by equal cliords, t u, t s, etc»; and the deflection 
angles, n tUyms t, etc., are equal to the angles, tcUytcs, etc., 
at the center of the circle, subtended by one of the equal 
chords tu or t s. This angle at the center, so subtended, 
is called the chord central angle. The tangential angle, 
being always half the deflection angle, is, of course, always 
half this central angle. The deflection angle gives the curve 
its name; thus a 3°, 4°, or 10° curve is one whose defko- 
turn angle is 3°, 4°, or 10°. 
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ABTICLE IIL 

MJETMOn 8. 

To lay out a Curve without a Transit. 

The de/kdion angles, Fig. ^^estyftUyguv^hvw, etc., 
being double the tangentud angle D B «, the arcs e d t^ 
f % UyQ mvyhnwy etc., are double the arc D c s, since 
the arcs of circles are proportionate to the angles which 
they subtend ; but the chords et,fuygv,hw, etc., are not 
double the chord D s, since the chords of arcs are not pro- 
portionate to the arcs, or to the angles which they subtend. 
The chords e t, fu, g v, h «?, etc, which subtend the 

deflection angles, are called 
deflection distances ; and the 
chord D «, which subtends 
the tangential angle, is called 
the tangential distance. 

But although, in any given 
circle, the deflection distance 
is not trvly twice the tangen- 
f tial distance, yet the differ- 
ence is so trifling in large 
railroad curves, with chords 
of but 100 feet, that it may 
be entirely neglected in 
curves of more than 300 
feet radius, as seen in the 
table, page 18. In that table 
the correct length of both will be found for different radii, 
and for chords of 100 feet. 

Having these respective distances, we may frequently 
trace a curve on the ground by the eye only, widi very 
tolerable accuracy, sufficient for guiding the excavations 
and embankments, especially on nearly level ground. Sup- 
pose, for instance, it be required to lay out in this manner 
a curve of 5730 feet radius. 

First, find by the table, page 18, or by Art. XIII., the 
deflection distance e t, or/w, etc., corresponding to a radius 
of 5730 feet for a chord of 100 feet, viz., 1*745 feet ; and 
also the tangential distance D s '872 of a foot. 
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Then from the starting point B, and in line with A B, 
measure B D equal 100 feet ; and put a chain-pin at D, 
Also from B, measure the chord B s, equal 100 feet ; at the 
same time measuring with a graduated rod, from the pin 
D, the tangeTUial distance D s, equal to '872 of a foot ; and 
place a stake at s. The pin at D may then be removed. 

Next, make s e equal 100 feet, placing a pin at 6, pre- 
cisely in line with s B ; also from s measure s i equal 100 
feet ; at the same time measuring with the rod from the pin e, 
the deflection distance e t, equal to 1*745 feet. Place a stake 
at ty and remove the pin at e. In this manner proceed to 
find other points as far as the end of the curve at v. 

In order to pass from the cui've, as at v, to a tangent v L, 
pixxjeed as before, only using the tangential distance h n, 
instead of the deflection distance h w, (See Art. IV.) 

This method is abundantly accurate for laying out curves 
on a canal, or common road ; and will occasionally answer 
very well, when cai*efully performed, for railroad curves, 
in the absence of an instrument. Thin straight rods, iron- 
pointed, and a plumb line should be used for ranging the 
points in the latter case. 

Rules for calculating radii, distances, and angles, are 
given further on. • 

2* B 
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TABLE OP RADII, ETC. 



TABLE OF BADn, Etc.— Chord 100 Feet 

(OONTINUBD.) 

The Tangential Angle i% alwaye one-half of the Angle of Deflection, 



Angle of 
Deflection. 


Radiaa 
in feet. 


Delleotion 
dUtanoe 
in feeu 


Tangential 

diatanoe 

in feet. 


Angle of 
Defleotion. 


Radius 
in feet. 


Deflection 

distance 

in feet. 


TauRential 
diiitauce 
in feet. 


O 1 

5 55 


968-8 


10-32 


6-163 


o t 

12 30 


459-3 


21-77 


10-90 


6 


955-4 


10-47 


5-235 


o 45 


450-3 


22-21 


11-12 


5 


942-3 


10-62 


6-308 


13 


441-7 


22-64 


11-34 


10 


929-6 


10-76 


5-380 


15 


433-4 


23-07 


11-56 


15 


917-2 


10-90 


5-453 


30 


425-4 


23-51 


11-77 


20 


905-1 


11-04 


6-526 


o 45 


417-7 


23-94 


11-99 


25 


893-4 


11-20 


5-600 


14 


410-3 


24-37 


12-21 


SO 


881-9. 


11-34 


6-672 


15 


403-1 


24-81 


12-43 


35 


870-8 


11-48 


5-744 


30 


396-2 


25-24 


12-65 


40 


859-9 


11-63 


5-817 


o 45 


389-5 


25-67 


12-86 


45 


849-3 


11-78 


5-890 


15 


383-1 


26-11 


13-08 


50 


839-0 


11-92 


5-962 


15 


376-8 


26-54 


13-30 


o55 


828-9 


12-06 


6-035 


30 


370-8 


26-97 


13-52 


7 


819-0 


12-21 


6-108 


o 4.5 


364-9 


27-40 


13-73 


5 


809-4 


12-36 


6-180 


16 


359-3 


27-83 


13-95 


10 


800-0 


12-50 


6-258 


o 30 


348-5 


28-70 


14-38 


15 


790-8 


12-64 


6-326 


17 


338-3 


29-56 


14-82 


20 


781-8 


12-79 


6-398 


o 30 


328-7 


30-43 


15-25 


25 


773-1 


12-94 


6-470 


18 


319-6 


31-29 


15-69 


30 


764-5 


13-08 


6-514 


o 30 


311-1 


32-15 


16-12 


35 


756-1 


13-22 


6-616 


19 


302-9 


33-01 


16-56 


40 


747-9 


13-37 


6-689 


o 30 


295-3 


33-87 


16-99 


45 


739-9 


13-51 


6-762 


20 


287-9 


54-73 


17-43 


60 


732-0 


13-66 


6-835 


21 


274-4 


36-44 


18-30 


o55 


724-3 


13-80' 


6-907 


22 


262-0 


38-17 


19-17 


8 


716-8 


13-95 


6-980 


23 


250-8 


39-87 


20-04 


15 


695-1 


14-38 


7-198 


24 


240-5 


41-58 


20-91 


30 


674-7 


14-81 


7-416 


25 


231-0 


43-28 


21-77 


o45 


655-4 


15-25 


7-634 


26 


222-3 


44-98 


22-64 


9 


637-3 


15-68 


7-852 


27 


214-2 


46-68 


23-51 


15 


620-1 


16-12 


8-070 


28 


206-7 


48-38 


24-37 


30 


603-8 


16-55 


8-288 


29 


199-7 


50-07 


25-24 


o 45 


588-4 


16-99 


8-506 


30 


193-2 


51-76 


26-11 


10 


573-7 


17-43 


8-724 


31 


187-1 


53-45 


26-97 


15 


559-7 


17-87 


8-942 


32 


181-4 


65-13 


27-83 


30 


546-4 


18-30 


9-160 


33 


176-0 


56-82 


?8-70 


o 45 


533-8 


18-73 


9-378 


34 


171-0 


68-47 


29-56 


11 


521-7 


19-17 


9-596 


35 


166-3 


6014 


30-42 


15 


510-1 


19-61 


9-814 


36 


161-8 


61-80 


31-29 


30 


499-1 


20-05 


1003 


37 


157-6 


63-46 


32-15 


o 45 


488-5 


20-47 


10-25 


38 


153-6 


6511 


33-01 


12 


478-3 


20-91 


10-47 


39 


149-8 


66-76 


33-87 


.15 


468-6 


21-34 


10-69 


40 


146-2 


68-40 


34-73 
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AETICLE IV. 

On Sub-Chords. 

We have hitherto spoken of curves as if they were com- 
posed of equal chords, each 1 00 feet in length. It frequently 
happens, however, that at the end of a curve, as at e, Fig. 
4, we are obliged to use a shorter, 

or sub-chord, d 6, in order to unite a b 

properly with the tangent ef. l\r^\ 

In that case, and when iising \\ \s/\ 

Method 1, Art J., of laying off \ \ \\ 

curves by means of tangential an- \ \ ®lv 

ales, we must, in order to fix the _^. ^ \ \ // 1 
point e, lay off at A (where the * \ \ / / I 

iastrument stands), a sub-tangen- \ \ I \ j 

tial angle d A e, as much smaller \ /\ // 

than the entire tangential angle B \ /'^^- -' * 

A c, or c A d, etc., as the sub- V^" 

chord d e is smaller than an entire f-"""^^ 
100 feet chord, A c, c d, etc. Thus 

if the sub-chord be one-half, or one-fourth, etc., of the 
entire chord, the sub-tangential angle must be one-half, or 
one-fourth, etc., of the entire tangential angle. 

This method is not mathematically exact, for the reason 
stated in Art. III. (viz., that the chords subtending different 
angles are not proportional to those angles) ; yet, for curves 
of 300 or more feet radius, and with chords not exceeding 
100 feet in length, the error may be overlooked in practice. 
Should, however, greater accuracy be required at any time, 
or for radii less than 300 feet, see Art. V. 

In like manner, when we pass off from a sub-chord, as 
at e, to a second tangent, ef we must place the instrument 
at e, and lay off the same sub-tangential angle d e g ; or, 
which is better, take sight from e to c, and lay off the 
angle c e g, equal to the sum of a tangential and the sub- 
tangential angle. 

But when using Method 2, Art. II., of deflection angles, or 
Method 3, Art. Ill, of deflection distances, we may cctfciilate 
tiie sub-deflection angle ase, Fig. 5, and sitfe-de/lcctiou dis- 
^nce a e/fw'med between a mb-chmd s e, and tfce exteifiaicm 
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ASTICLE Y. 
To find Sub-Tangential Angles exactly. 

Rule. — ^Divide hcdf the sab-chord bjr the radius. The 
quotient will be the sine of the sub-tangential angle. 
Therefore, find in the table of sines, etc., page 124, the 
»ib-tangential angle opposite this sine. 

Example. — ^What is the sub-tangential angle for a sub- 
diord of 70 ft. ; radius 146-19 ft. ? 

Here, half the sub-chord is 35 ft. ; henee, 

35 
idfi'lQ ^^ '2394 ; and opposite '2394 in the table of sines, 

etc., we find 13° 51', the sub-tangential angle required. 

To find Sob-Deflection Angles exactly. 

A sub-deflection angle is equal to the chord-tangential 
angle -f- the sub-tangential angle. 

Rule. — ^Divide AoZf the sub-chord by the radius. The 
quotient will be the sine of the sub-tangential angle. 
Opposite this sine in the table find the angle itself. Add 
it to the whole-chord tangential angle. 

Example. — ^What is the sub-deflection angle for a sub- 
chord of 70 ft.; radius 146*19 ft.; chord tangential angle 
20^? 

35 

Here, TTnprK= '2394 = sine of 13° 51' = sub-tangen- 
tial angle. 

And 20° + 13° 51' = 33° 51' = the sub-deflection 
angle required. 

To find Sub-Tangential Distances exactly. 

Rule. — ^Divide half the sub-chord by the radius. The 
quotient will be the sine of the sub-tangential angle. Find 
this angle. Find the sine of half this angle. Multiply it 
by 2. Multiply the product by the sub-chord. 

Example. — ^What is the sub-tangential distance for a 
sub-chord of 70 ft.; radius 146-19 ft.? 

Here, ta^t^= 2394, or the sine of 13° 51'. Half of 
^ 146'19 ^ 
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this is 6° 55|' ; the sine of which is -1206. And -1206 X 
2 = -2412. And -2412 X 70 = 16-884 ft., the sub-tan- 
gential distance required. 

To find Sub-Deflection Distances exactly. 

Rule. — Divide half the sub-chord by the radius. The 
quotient will be the sine of the sub-tangential angle. 
Oppoate this sine find the angle itself in the table of sines. 
Add to this angle a whole-chord tangential angle. The 
sum will be the sub-deflection angle. Find the sine of 
half this angle. Multiply this sine by 2. • Multiply the 
product by the i^b-chord. 

Example. — ^What is the sub-deflection distance for a 70 

ft. sub-chord ; radius 146*19 ft. ; whole-chord tangential 

angle 20° ? 

35 
Here, tt^Tq^ '2394 = sine of 13° 51', sub-tangential 

angle. 

And 13° 51' + 20° = 33° 51', sub-deflection angle; 
half of which = 16° 55|'. 

And sine of 16° 55J' = -2911. And -2911 X 2 = 
•5822. 

And -5822 X 70 = 40-754 ft., the sub-deflection dis- 
tance required. 

For proofs of the foregoing rules, see next page. 
3 
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Proo& of the Foregoing Eules. 

Let bac, Fig. 5 J, be any circular curve ; ab a 100 ft. 
chord ; ac a sub-chord ; and xf, t n, two tangents to the 
curve at c and a. Let the whole chord a 6 be extended, 
as to s. Then nac, or xca, or afe c, is the sub-tangential 
angle of the sub-chord ac; 8 a n, equal to tab, is the 
tangential angle of the whole chord ab; « a c is the sub- 
deflection angle; a straight line from n to c is the sub- 
tangential distance ; and s c is the sub-deflection distance. 

Of Ist Rule. — Because the angle at the center of the 
circle, and opposite to half the sub-chord, is equal to the 
sub-tangential angle. Therefore the sine of the first (which 
is the one we actually find,) is also the sine of the second. 



In any circle, the half of any chord, divided by the 
radius, gives the natural sine of the angle at the center, 
and opposite to the half-chord. 

Of 2d Rule. — It is self-evident that the sub-deflection 
angle sac is equal to the chord-tangential angle 8 an 
(= tab) -\- the sub-tangential angle nac. 

Of 3d Rule. — ^The sub-tangential distance is the chord 
c 71 of the sub-tangential angle nac; and, in any circular 
arc snc, any chord c n is equal to tioice the sine of half 
the subtended angle nac X radius a c of the circle. 

Of 4th Rule. — The sub-deflection distance sc is the 
chord of the sub-deflection angle sac; and, on the same 
principle as the foregoing, in the circular arc snc, way 
chord « c is equal to tivice the sine of half the subtended 
angle sac, X radius a c of the circle. 
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AETICLE VI. 
Ordinates for Entire Chords. 

It would be both tedious and liable to inaccuracy to 
attempt to fix all the necessary points in railroad curves 
by the foregoing means, which are employed only for 
entire chords, or for such sub-chords as may be requii'ed 
at the ends of curves. 

The best method is to stretch a piece of twine a 6, Fig. 6, 
100 feet long, between two 
adjacent chord-stakes, and 
measui'e off, as nearly as may ^^ ■ ■ ■• ■ "^^•J^ 
be at right angles to it, with 
a graduated rod, the previously calculated ordinates c d, 
c/, g h, etc., placing pegs at d, /, h, etc. On the tops of 
these stakes, small tacks are driven to define the precise 
point in the curve. Our table of ordinates, page 50, is 
calculated for distances apart, b c, ce, eg, etc., of 5 feet; 
and for all curves likely to occur in practice. The 5 feet 
distances on the twine should be marked by knots or 
othei'wise; and those at the center, and half way between 
it and the ends, be further distinguished by tyiug on pieces 
of tape. 

The 5 feet distances are only used (after the excavations 
and embankments are finished) for placing pegs to guide 
the laying of the rails, and then only for very sudden 
curves; for those of large radii, distances of 10 feet are 
quite sufficient, or even 25 feet for very easy curves. For 
guiding the curves of the cuttings and fillings, it is not 
necessary to place the stakes nearer than 50 feet apart; un- 
le&s for those of less than about 1000 feet radius, when they 
may be placed 25 feet apart. Ordinates for other radii, or 
for angles of deflection, intermediate of those in the table, 
may either be calculated by the rules given further on, or 
they may be taken proportionally intermediate of the tab- 
ular ones, with sufficient accui'acy for practice. 

To calculate ordinates for chords and sub-choi*ds, see 
Articles XV., XVI., XVII. 



^ 
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DEFINITIONS, ETC. 



CHAPTER IL 



AETICLE VII. 



Having shown the general principle on which curves 
are run, we will now state a few simple elementary points 
connected with them, with which the young assistant 
should make himself perfectly familiar before entering 
upon the problems in Chapter III. 




ITig.T' 



The length of a curve is supposed to be measured, not 
along its actual curved line or arc, but along the chords. 
Thus the curve a i z, in Fig. 7, if supposed to have been 
run with 4 chords of 100 feet each, is said to be 400 feet 
long, although it is evident that the arc itself is a little 
longer. But in practice the difference may generally be 
disregarded ; for even in a curve of but 300 feet radius it 
amounts to only about 5 J inches to a chord of 100 feet; 
and with 2000 feet radius to but about ^ of an inch. 



f T 



IIEFINITIONS, ETC. 29 



The length of a ev/rve vmy alto be eivpressed in degrees 
of ill f^e^drai angle o cz, contained betweeo two radii c n, 
c z, drawn from the center c to the ends r and a of the 
curve. Thus if the curve in Fig. 7 be 4 chains of 25° 
deflection angle, Its central angle acz will be 25° X 4:^ 
100° ; and the curve may therefore be eaid to be 100° long. 

The beginning of a curve, or the end first reached in 
the survey, is called the Point of Curve, or I\ C; and its 
end is called the Point of Tangent, or P. T. They are dis- 
tinguished on the ground by liaving those letters printed 
nu the stakes with red chalk. 

The field operation is called the tracivgr turning, rwn- 
nirig, laying mit, or staking lyit of curves. 

In Fig, 7, let b t and ^ i be two tangents touching the 
ends (I and z of any curve (of (ess tluin 180° long), and 
extended to meet at t; and let ac and zc. be two radii 
drawn from the ends of the curve to the center c of the 
circle. Then the angle o c z, subtended by the entire curve 
aoiezjie called the centrsi angle of the curve, ar the ioful 
or entire central angle. This distingmslies it from the 
small central angle aeo, oei, tee, or ecz, subtended by 
only one chord a o or o i, etc, and which is called the 
chord eentral angle, or central angle of a chord. It is 
generally known at the time, of which of these two angles 
we are speaking, and therefore the simple term ceidral 
angle is usually applied to either of them. 

Tlie angle a t z, Figs. 7 and 8, between two tangents, ( n, 
iz, is callra the apex angle of the curve. If ouly either 
one of the tangeuls is prolonged beyond lySSta is pi-o- 
longed to w, then the outer angle wtz,m formed, may lie 
called the outer meeting angle of the taugeuts, inasmuch 
as it is the oiUer augle at which the two taugent>i Jneet (not 
cut, cmss, or iutci-sect each other), wliile the s,\ibx angle 
atzis, the inner meeting one. 

The Total Deflection Angle, ip t z, Fig. 7 (iu distjuction 
from the chord deflection augle, 8 o i), denotes the total 
numlwr of degrees that the line of sui-vey, or of road, 
deflects from its previous dii'ection ; anil is eqtial to the total 
ecnUxd angle (a c z, Fig. 7, orn ( o, Fig. 30, p. 69) subtended 
l)j' tlie whole cui-ve, aiz ornwo. When, as in Fig. 7, the 
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word natural before sines, etc. ; and in referring to any 
angle, as ac<, Fig. 8 J, we shall omit the word angle, and 
call it simply act, etc. • 

If any two tangents be drawn to a circle from any one 
point, Sista,tz, from t, Fig. 8 J, they will be of the same 
length. 

To find t i, first find the secant t c, and from it take the 
radius cL Or, tii8 = taX nat tangent either otta i, or 
of half taz, ov of quarter of wtz, or of quarter of acz. 
For a proof of this, see demonstration of Article XXI. 

In Fig. 8 J, a 2 is the chord of the entire curve a, i z, and 
it is plain that either taz or tz a is the tangential angle 
of said chord, or the angle at which it leaves a tangent t a 
or t z. Hence taz or tza is equal to half the deflection 
angle wtz, of the entire curve ; or to half its central angle 
acz, in the same way that the tangential angle ^ a s or 
8 ai of a, 100 ft. chord a o or o ^, is equal to half the 
chord-deflection angle s o i, or to half the chord-central 
ano:le a c o ov o cL Therefore the sum of taz and tza 
\& ^= wtz or acz. 

On the same principle, if chords a i, z i, be drawn from 
the ends a and z to the middle i of the entire curve, then 
t a i, or its equal tzi, will be = iaz,or = iza; in other 
words, = half the tangential angle taz or tzaof the entire 
curve, or = one-fourth of wtz, or of acz; and the sum 
of tai and tzi is = taz, or = half the central angle 
acz. 

If the choixls, as a e and z e, are drawn to a point, as e, 
not in the middle of the curve, the angles tae and tze, 
between the chords and the tangents, will no longer be 
equal, but their sum will still he = t a z, or = half 
acz. 

It will be observed that tai or tzi is = aco,ov = half 
a c i, or = half icz; while tae is = half a c e; and tze is 
= half ecz. 

The two triangles atx and cax. Fig. 8 J, will always 
be similar ; that is, they will have the same angles, and be 
alike in eveiy respect except size. 

Therefore, SiS ac : at :: xc : ax, and :: ax : xt; 
and, asac: xc \\ at i ax; 
and, as ac I ax 11 at i xt 



TO f:nd total defi^ectiox angles, 



I Also, m a compound cur 

P (aa! + (zais = tbe sum of 
I the two centra.} angles v-i-w; 
or ^^ tlie total deflection 
an^le x. And if, from the 
ends of the curve, two 
chords ae, ze,he drawn to 
tJie point e of compomut cur- 
vature, then istae-\-tze:= 
^ the sura of the two central 
aiigtea w and v; or ^ half 
the outer meeting angle x. 
This will not hold good if 
I a e and s e be drawn to any 
other point than that of 
compouud curvature. 



33] 



; aez, Fig. SJ, the sum of I 




ARTICLE IX. 
To find the Total Deflection Angle. 

This is usually either given bj' tlie field notes, or found! 
from the map, in the oniee. It is defined on jjage 29;* 
and, as there stated, it is always equal to the total central 
angle of the cui-ve, whether this be greater or less than 
180°. 

It is equal also to the choixi-delieotiou augie of the 
cui-ve multiplied by the number of 100 ft. choitls con- 
tained in llie iMirvc. 

Or, having the apex distance a t. Fig. 8 or 8^, and the' 
radius fr c, first find tiie outer ineetmg angle, thus : Divide 
tlie ajiex distance by the radius. The quotient is the 
natural tangent of re c (, or of half the outer meeting 
angle. From the table of tangents take the angle cor 
rcs})onding to this uat tangent. Multiply the augle 
by 2. If the product is 180°, or less, it is at once the 
total deflection angle; but if it exceeds 180°, take it 
from 360°. Then the remainder will iie the total dofli 
tiou angle. 

The point/. Fig. 8J, is frequently inaccessible, or ima(^ 
nary, as sliowu by the point b, Figs. 9 to 12 ; in \vhi( 



n 

gle 
the 

'■ it I 

leo^^H 



36 TO FIND APEX DISTANCES. 

Rule 4. — Having a z and x i, Fig. 8 J. Then, 
„ ,, Square of Aaft^az -f- Square of xt 
Radius = — i — Fs-^ ^ — — 

This Rule applies to the radiua of any cireular arc, of 
which we know the chord and rise. 

Rule S,— For a track already laid, measure at the rails 
a ohord of 100 feet, and its middle oi'diuate in feet. Refer 
to our Table of Ordinate^, p. 50, for the deflection angle, 
opposite which, in table, p. 18, is the radius. 

ABTICLE XI. 
To find the Apex (or Xajigent) Distaiice of a Cnrre. 
Rule I. — Multiply the radius by the tangent of hcUf the 
total central angle. 

Rule 2, — Use the following Table of Actual Apex Dis- 
tances as du:'ected. 

Remark. — For the following idea, and table, p. 38, we are 
indebted to Mr. N. F. Jones, Civ. Eng., whose experience 
in locating gives great weight to his suggestions; some 
of which have been incorporated iu oui" rules for curvo, 
without special acknowledgment. 

Apex JiBiance Apex (list, ju table p, 38 given radius 

required, for given total angle 5730 ; 

(approxi- Apexdiat. in table. p. 33 forgiven total ang. 

mately) i:liord deHectidQ angle of given curve, in 

degrees and decituals. 
(See following " Remark.") 

If Ihe central angle exceeds 180°, take it from 360° ; 
call tlie reiuaimler the central (or substitute) angle, and 
pi-oceed as above. 

Example. — What is the ajjex or tangent distance f a or 
/ a, Fig. 7, p. 28, for a curve « » a of 3° 1 V chord-deflection 
angle ; and with a central angle a c s of 88° 10'? 

By the first formula. In table p. 19 we find the radius 
corresponding to a cliord -deflect ion wngleof 3° 17' is 1745.35 
feet. In table p. 40, opposite to total central angle 88° 10', 
we find 5550. Hence 

Apex distance ^ ^^^^ 1745^5 _ jggggg f^^^ 
required . ■^ 5730 
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= 1690.37 feet. 



By the second (approximate) fumiula. From table below 
we find that 3° 17'= 3.°2833, Hence 

Apex dietaoce ftS-SO 

required ~ ^^SS ~ 

The apex distance given bj tlie table for any total cen- 
tral angle is the actual tangent of Aai/ that angle for a curve 
of radius 5730 feet. 

Apex distances for total angles intermediate between 
those given in the table may be obtained by simple propor- 
tion ; thus : 

To obtain the actual apex distance for a 4° curve of 
55° 32' deflection. Here, in the table opposite 55° 30' 
find 3015, and for 55° 40' find 3025, the diffei-ence being 
10; i^ths of which added to 3015 ^ 3017, Uie aetud 
apex dist. of a 1° curve of 56° 32' deflection, which, 
divided by 4 = 754, the apex distance requii'ed. 

If either the central or its substitute augle is between 
170" and 180°, use Rule 1, p. 36. 

Remark. — If the given chord -deflection augle contains 
such a number of minut«s as cannot be mentally reduced 
to decimals of a degree for dividing by it, use tlie bhort 
table below for making tlie reduction. 



TaUe of HiiLutes conrerted into DeoimaLi of a 


Tegree. 


1.0,. 


Dcg. 


H,p. 


D,,. 


M,J ... 


Mm. 


DCS. 


1 


■oiooae 


16 


266686 


31 


516866 


46 


■766666 


2 


■033333 


17 


2imi3 


32 


533333 


47 


■T83333 


3 


•050000 


18 


300000 


38 


556000 


48 


•800000 


4 


■066666 


19 


316666 


34 


566686 


49 


■)J16686 


S 


■083333 


20 


338333 


35 


683333 


60 




e 


•100000 


21 


350000 


86 


600000 


61 


■850000 


7 


■116666 


22 


366666 


37 


818666 


52 


■S66666 


8 


■133333 


23 


38333S 


38 


ffi!3333 


53 


■883333 


9 


■150000 


24 


400000 




65000(1 


54 


■sooooo 


10 


■166666 


25 


416666 


40 


666666 


55 


•916666 


11 


■183333 


28 


433.^ 


41 


683333 


56 


•933333 


12 


■axxioo 


27 


450000 


42 


imm 


57 


■950000 


13 


■218666 


28 


466666 


43 


716666 


68 


■fl6e666 


14 


■233333 


29 


483333 


44 


733333 


59 


■B83333 


IS 


-256000 


30 


500000 


45 


750000 


60 


roooooo 



To reduce minutes to decimals of a <i 



e divide diem, by 
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TABLE OF ACTUAL APEX DISTAHCES- 

For a Cum iff 6730yV. Sarfi'm. 



On. Am. 


3851 


C«.in(. 


i.ttxo. 

4240 


C*D.A.i|. 


489a 


C.U. A.(. 


AP..D. 


G6 


73 


81 


89 


6631 


10 


8662 


10 


425S 


10 


4008 


10 


6647 


20 


3674 


20 


4260 


20 


4923 


20 


5864 


SO 


8G86 


80 


4279 


30 


4938 


80 


5680 


40 


3698 


40 


4292 


40 


4952 


40 


5697 


fiO 


3709 


60 


4805 


60 


4966 


50 


5713 


66 




74 


4318 


82 


4981 


90 


5730 


10 


3783 


10 


433! 


10 


4995 


10 


6747 


20 


37-15 


20 


4344 


20 


6010 


20 


576 J 


30 


3757 


30 


4857 


30 


6026 


3U 


5780 


40 


3769 


40 


4370 


40 


5040 


4U 


57'*- 


50 


3781 


50 


4883 


50 


6054 


60 


5bl4 


67 


:!793 


75 


43U7 


S3 


'5069 


91 


58!! 


10 


3806 


10 


4410 


10 


6084 


10 


5848 


20 


3817 


20 


4424 


20 


6O90 


20 


5865 


30 


3829 


50 


4437 


30 


5114 


10 


6882 


40 


S841 


40 


4450 


40 


6129 


40 


5839 


50 


3853 


50 


4463 


60 


5U4 


50 


5916 


68 


3865 


76 


4477 


84 


5159 


92 




10 


sen 


10 


4490 


10 


5174 


10 


Mil 


20 


88S9 


20 


4604 


20 


5190 


JO 


5968 


SO 


3902 


30 


4617 


30 


6205 


30 


6985 


40 


3914 


40 


4531 


40 


5220 


40 


eOOil 


60 




60 


4544 


50 


5235 


50 


6031 


69 


3938 


77 


4558 


85 


5250 


93 




10 


3950 


10 


4571 


10 




10 


6066 


20 


3963 


SO 


4585 


20 


52SI 


20 


6078 


SO 


8975 


30 


4599 


30 


5297 


30 


6091 


40 


3988 


40 


4613 


40 


5312 


40 


6109 


60 


4000 


50 


4026 


60 


5328 


50 


6127 


70 


4012 


TS 


4640 


80 


5343 


94 


6146 


10 


4025 


10 


4054 


10 


5369 


10 


616d 


20 


4037 


20 


4668 


20 


5376 


20 


8181 


30 


4049 


SO 


4681 


80 


5390 


SO 


6199 


40 


4062 


40 


4695 


40 


6406 


40 




60 


407o 


50 


4709 


60 


5432 


50 


8285 


71 


4087 


79 


4723 


87 


5488 


95 


6253 


10 


4100 


10 


4738 


10 


5453 


10 


6271 


20 


4112 


20 


4752 


20 


6469 


20 


0290 


30 


4126 


80 


4766 


30 


5485 


30 


6308 


40 


4138 


40 


4780 


40 


5501 


40 


6326 


60 


4150 


50 


4794 


50 


5517 


50 


6345 


72 


41 (iU 


80 


4808 




5533 




6364 


10 


4176 


10 


4822 


10 


5650 


10 


0383 


20 


4189 


20 


4887 


20 


6568 


20 


6401 


SO 


4201 


30 


4851 


30 


5582 


80 


6420 


40 


4214 


40 


4865 


40 


6598 


40 


6439 


60 


4227 


60 


48S0 


50 


6614 


50 


64S8 



r 
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' ACTUAL APEX SISTAHCES— Continued. 

Far a Cm .,f 5730 ft- Rndin. 



Cen. Aug. 


Ap„D. 


C».A„. 


AP..C. 

7467 


C--.A.B. 


ApcrD, 


Cec. ADg. 


Ape. D. 

10128 




97 


6477 


105 


113 


8057 


121 


10 


6496 


10 


7490 


10 


8884 


10 


10163 




20 


6515 


20 


7513 


20 


8712 


20 


10197 




m 


6534 


30 


7530 


30 


8740 


30 


10232 




40 


6553 


40 


7558 


40 


8768 


40 


10267 




50 


6572 


50 


7581 


50 


8796 


50 


10302 




98 


6592 


106 


7604 


114 


8824 


122 


10337 




10 


6611 


10 


1627 


10 


8852 


10 


10373 




20 


6630 


20 


7650 


20 


8880 


20 


10408 




SO 


6SsO 


30 


7674 


30 


8908 


30 


10444 




40 


0670 


40 


7697 


40 


8937 


40 


10481 




60 


66S9 


50 


7720 


50 


8966 


60 


10.517 




99 


870a 


107 


77-14 


115 


8994 


123 


10.553 




10 


6729 


10 


7767 


10 


9023 


10 


10590 




20 


6749 


20 


7791 


20 


9052 


20 


10627 




30 


6768 


30 


7815 


30 


9081 


30 


10664 




40 


6788 


40 


7839 


40 


9111 


40 


10701 




50 




50 


7863 


50 


9140 


50 


10739 




100 




108 


7887 


116 


9170 


124 


10777 




10 


6849 


10 


7911 


10 


9200 


10 


108U 




20 


686Q 


20 


7935 


20 


9230 


20 


10853 




30 


6890 


30 


7960 


30 


9260 


30 


10891 




40 


6910 


40 


7984 


40 


9269 


40 


10929 




50 


mm 


50 


8008 


50 


9320 


50 


10968 




101 


6951 


109 


8033 


117 


9351 


125 


11007 




10 


6972 


10 


8058 


10 


9381 


10 


11046 




20 


6992 


20 


8083 


20 


9412 


20 


1I0S6 




30 


7013 


30 


8108 


30 


9442 


30 


11125 




40 


7034 


40 


8133 


40 


9474 


40 


11165 




60 


T055 


50 


8158 


60 


9505 


50 


11205 




102 


7076 


110 


8183 


\\& 


9536 


126 


1124G 




10 


7097 


10 


8209 


10 


9568 


10 


11286 




20 


7118 


20 


8234 


20 


9599 


20 


11337 




30 


7140 


30 


3260 


30 


9631 


30 


11368 




40 


7161 


40 




40 


9663 


40 


11409 




50 


7182 


50 


8311 


60 


9695 


60 


11451 




103 


7201 


111 


8337 


119 


9728 


127 


11493 




10 


7225 


10 


8364 


10 


9760 


10 


11535 




20 


7247 


20 


8390 


SO 


9793 


20 


11577 




30 


7269 


30 


S416 


30 




30 


11619 




40 


7290 


40 


8442 


40 


9858 


40 


11662 




50 


7312 


50 


8468 


60 


9891 


50 


11705 




104 


7334 


112 


8495 


120 


9925 


128 


11748 




10 


7356 


10 


8522 


10 


8968 


10 


11792 




20 


7378 


20 


8S49 


20 


9992 


20 


11835 




30 


7400 


30 


8576 


30 10026 


30 


11880 




40 


7433 


40 


S603 


40 10059 


40 


11924 




60 


7445 


60 


8630 


SO 10093 


50 


11968 


^^ 



44 TO FIND TANGENTIAI. AND DEFLECTION ANGLES, 

Example. — Let the radiue be 2865 feet, and the chord 
100 feet ; what will l>e the tangential and deflcetion angles? 

Here, half the chord (50 feet) divided by the radius 
(2865 feet), gives -01745; and the tangential angle in the 
table corresponding to the natural sine ■01745 is 1°, twice 
which is 2", the deflection angle required. 

Rule 2. — The deflection angle for 100 feet chords may 
be found approximately (ace first footrnote, p. 35) by, 
dividing 57^6 by the radius. This is very close for curves 
of over SOO feet radiiLS. For 600 feet it gives about one 
minute too little. Or, 343800 divided by the radius will 
give the deflection angle in minutes ; and these divided by 
60 will give the angle in degreea and minutes, 

Proof,-:— 5TA0 feet is the radius of a one degree curve ; 
and 343800 feet is the radius of a one minute curve; and 
tlie deflection- angles of curves are inversely as their radii, 
appraxiraatciy. 

Example I, — ^What is the deflection angle for a radiua 
of 2865 feet, the chorda being 100 feet each? 

Here, 5730 divided by the radius 2865, gives 2°, the 
deflection angle required. 

Example 2. — What is the deflection angle for radius 
2022 feet; chords 100 feet? 

Here, 5730 divided by 2022 gives the deflection angle 
2°"833, or partly in deehnais of a degree. Now, in the 
table on page 37, we see that the decbnal "833 of a degree 
is 50 minutes. Therefore, the required angle is 2° 50', 
as in our Table of Gadii, etc., p, 1 8. 

Example 3. — What is the deflection angle for a radius 
of 969 feet? 

Here, 343800 divided by 969 gives 355 minutes ; and 
Vo* — 5° 55'i the required angle. 

Rule 3, — Having only the apex distance, and tlie total 
central angle. First find the radiua thus: Divide the 
apex distance by the tangent of half the central angle. 
Then use Rule 1 of thb Article, or Table of Radii, p, 18. 

Rule 4. — For a track already laid, measure at the rails 
a chord of 100 feet, and its middle ordinate in feet. Refer 
to nur Table of Ordinates, p. 60, for the deflection angle. 

For sub-tangential and sub-deflection angles, see Ai-ts. 
IV. and V. 
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FIND DEFLKCTION AND TANGENTIAL DISTANCES. 4 



ARTICLE XIII. 

Deflection Distances . 

To find the Deflection Distance {exactly) for any giv 
radius, and for eqaal chords of any given length. 

Rule I. — As the radius : the chord ; ; the chord ; the 
deflection distance. Or, in o/Jter words, Divide the square 
of the chord in feet by the radius in feet. 

Remark.— For chords of 100 feet, Kule 1 becomes: 
Divide 10000 by the radius in feet. 

(The deflection distance to a radius of 10000 feet, with_ 
choi*da of 100 feet, is 1 foot; and the deflection distance "" 
for other radii increase inversely as the radii.) 

Example. — What is the deflection distance for a rodiia 
of 5730 feet, the chords being 100 feet long ? 

Here, 10000 divided by 5730 radius, gives 1-745 fee 
the deflection distance required. 

Rule 2. — Divide half the given chord by radius; thfll 
quotient will be the natural sine of one-Aay the deflection 
angle. Multiply dovble this natural sine by the choi-d. 
The product will be the deflection distance required. By 
this rule our table was prepared. 

Example. — As before, what is the deflection distance to 
a radius of 5730 feet, the chords being 100 feet long? 

Here, half the chord (50 feet) divided by radius (5730 
feet) gives '008726, which is the natural sine of half the 
deflection angle. Now '008726 multiplied by 2, gives 
■017452, which, multiplied by the choii (100 feet), gives 
1*745 feet, the required deflection distance, tlie same as voM 
the preceding example. 



ARTICLE XIV. 

Tangential Distance b. 

To find {excudly) the TantjentiaJ. Distance corresponding to§ 
any given radius, and to equal chords of any given length. 

Rule. — First find the tangential angle by Art XII., 
and take from the table of natural sines, that correspondii 
to one-AoZ/'of tlie ttitigmtial angle. Then multiply doul 
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this sine by the given chord, for tlie tangential distance. 
By this rule our table was prepared. 

Example. — Let the radius be 2865 feet, and the chords 
100 feet each ; what will be the taDgenttaJ distance ? 

Here, we find, by Art. XII., the tangential angle 1° 
for a radiua of 2865 feet. 

The natuial sine corresponding to 30 minutes, or one- 
half of this tangential angle, is, bv tlie table of sines, 
■008727 ; the double of which is -01 7454, which, multiplied 
by the chord, or 100 feet, gives 1'745 feet for tlie tangen- 
tml diatauce required. 



ARTICLE XV. 
Ordinate B. 



To find Oie Iiliddle Ordinate to an^ given radiux, and 
any ffiven chord. 

Rule I. — From the square of the radius subtract the 
square of half the chord. Find the square root of tlie 
remainder. Take this square root from the radius. 

Example. — What is the length of the middle ordinate 
dt, Fig. 13, the radius ca being 819 feet, and the choi-d 
ai 100 feet? 

Here, the square oi ca (819) is 670761, and the square 
of a 6 (50) is 2500; which, being subtracted from the 
fonner, leaves 668261 ; the square root of which is e r, 
817-472 ; which, taken from the radius 819, leaves 1-528 
feet, the required middle ordinate d e. 

Rule 2. — With any chord the middle ordinate is equal 
to the radiua multiplied by nat versed sine of half the 
angle subtended by the choi-d. 

With chords of 100 feet this becomes : Middle ordinate 
is equal to radius multiplied by nat versed sine of tan- 
gential angle. 

Rule 3. — ^With any chord the middle ordinate is equal 
to half the chord multiplied by nat tangent oi quarttsr the 
angle subtended by the chord. 

with chords of 100 feet this becomes : Middle ordinate 
is equal to half the chord multiplied by nat tangent of 
quarter the deflection angle. 
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Rul6 4. — Approximate. AVitli radius 500 feet or mor& I 
divide the square of half the cliord by tlie diameter ihI 
the curve, Wlien the chord is 100 feet thia 1 

^ .^'^^■. — With 300 feet radios this rule gives -OSOJ 
iwice radius 1 

too short in 4-197 feet; and with 100 feet radius -8971 
short in 13"397. See also Rule 2, next Article. 

Rule 5.— For 100 ft. chords. Approximate. With-* 
radius 500 feet or more, divide the tangential distance by 4. 

With 300 ft. radius this rule gives but -013 of a toot 
too short in 4-197 feet; and with 100 radius '456 toD 
short in 13-398. 

ARTICLE XVL 

Having given the Middle Ordmale de, Fig. 13, ti is r 

quired io jiiid any oth^r o 

Rule I. — Subtract the middle ordinate d e from 1 
radius dc; the remainder will 

I l>e ec: then from the square of 

( the radius e i subtract the square 
of the distance o i, which the 

' required ordinate i n is from the 

I middle ordinate d e, and extract 

I the square root of the remainder. 
This square root will be o <;. 

I From this square root o c subtract e c; the remainder wiB 

I be p, which is equal to i n the required ordinate. 

Example, — The middle ordinate tf <■, of a 100 ft. chord 
6 a, to a radius of 819, being 1'528 feet, it is required to 
find the length of the ordinate i n, 20 feet from the middle 
one. 

Here, the middle ordinate de, 1-528, subtracted from 
the radius 819, leaves <-c, 817-472. The square of the 
radius is 670761 ; and the square of 20 (the distance of the 
requii-ed ordinate from the middle one) is 400 ; which, taken 
from 670761, leaves 670361; the square root of which is 
818-756, oToc; from which takeec,oi- 817*472, and the 
remainder, 1'284, will be o e, which is equal to i n, thft, 
required ordinate. 
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48 TO FISD OEDINATES. 

Rule 2. — Approximate. With radius not less tlian 500 
feet, chorda 100 feet, multiply any ordinate of a 1° curve 
(Table, p. 50) by the chord-deflection angle (in degrees and 
decimals, table, p. 37) of the new curve. The product 
will be the corresponding new ordinate. 

For 300 ft. radius this rule gives middle ordinate "013 
foot too short in 4'197 feet; and for 100 radius "SIS too 
short in 13-398 feet. 

Rule 3. — Any ordinate for chords not exceeding 100 
feet in length, and for radii not less than 500 feet, may 
be found near enough for practice, thu.s : Divide the rec- 
tangle of the segments of tlie chord by the diameter of the 

Example. — What is the ordinate at 15 feet from the end 
of the 100 feet cliord, for a radius of 819 feet? 

Here, the ordinate divides the chord into 2 segments, 
of 15 and 85 feet. The rectangle of those, or 15 X 85,is 
1275. The radius being 819, the diameter is 1638 ; con- 

, 1275 
Bequently ■ = .778 feet, the required ordinate. 

With radius 300 feet, chord 100 feet, this rule makes 
the middle ordinate only '030 too short in 4*197; and 
with radius 100, too short '897 in 13-397 feet. 



ARTICLE XVII. 
To find Ordinatea for Sub-Chords. 



and . 



These must be calculated as they are needed. It would 
not be possible to give tables for all supposable cases. 
They may be found approximately enough for railrotui 
practioe, for curves of over 300 ft. radius, and for chorda 
not exceeding 100 feet, thus : 

The sub-chord being supposed to be divided into the 
aamfi number of equal parts as the whole chord, then in 
any cinile of given radius, not less than alxiut 300 feet, 
the ordinates of an entire 100 ft. chord may be assumecl 
to be to those of a sub-chtird, as the square of the chord 
ia to the square of the sub-chord. 

In all our tables the chord is supposed to be 100 feel 




TO FIND ORDINATES. 

the square of which is 10000 ; the nile therefore becoities, I 
as 10000 feet ; square of sub-chord in feet : : Ord. of 
Chord : Ord, of Sub-diord approximaieiy. 

Example. — In a curve of 5730 ft radius, the middle 
ordinate of a 100 ft. chord is ■218 of a foot ; what will be 
the length of the middle ordinate of a sub-obord of 50 feet? J 
Here, 



Iq. of 100 ft. 1 Sq. of GO ft : : 

10000 : 2500 : 



Mlrl. Ord. Mid. Ord. Sub-Chr 

of Chord. appmcLmaielu. 

•218 ft. : -0545 ft. 



Or, they may be found for any radius, thus: 

Suppose we need the oixiinates for a snb-chord 46 feetl 

oug; radius 1810 feet; or chord-deflection angle 3° lO'.F 



mA " IK 



Make a rough pencil aketcli. Fig. 14 (which need not be 
to a scale), of a 100 ft, chord v w, with either all ils ordisatcs 
for 1810 rt.rati,,5 feet apart (taken from Table, p. 50), or 
with only alternate ones 10 feet ajxirt, as in the Fig., and 
set down their IcnglJis. Also draw the given sub-chord y x 
across as many of the ordinate^ as its longUi requires, 
this instance of course across 5 of tlicm. 

By one of the ndes in Art XV. find tJie middle urdinata^ 
(F n (-146) of the sub-chord. Subtract it from the middle^ 
ordinate ac, or -691, The remainder (-545) will be c 
Now it is self-evident that this -545 taken from "664 and 
"581 g^ves theotherfoursub-oniinates"113 and "036; two 
of each. 

Consequently we have found 6 sub-ordinatra for the 
sub-tihord yi. The distances between them moj^ plainly 
be laid off each WBy/rom the middle of the sub-chord, instead 
of from the ends as usual. 
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TABLE OF OELINATES (m Feet). 






Ordinate! fivi J 


lelopi, 


»■(. -Chord m> hundred fiet. 








DiiUnsn ot Ih. 


Irdinitoi 


tr.m.b.«d^^.,M,f=«a,.rt- 






W 


"I'Zi 


46 res'. 


«f..L 


IStttt 


aorMC 


3SIM 


30 feet 


i.f,.. 


mr«. 


..«i 




2 


■007 


■007 


■007 


•006 


■006 


•005 


■003 


•003 


•002 


■mi 




4 


■014 


■014 


■014 


•013 


■012 


■010 


•008 


■008 


■005 


■003 








■022 


■021 


■021 


■020 


•019 


•016 


•013 


■Oil 


■008 


■004 






8 


•029 


■029 


■028 


■028 


■024 


■022 


•018 


■015 


■010 


■005 






10 


■03S 


■036 


■035 


■038 


■031 


■027 


■023 


■019 


■013 


■007 






12 


■048 


■043 


■041 


■038 


■037 


■033 


■028 


■022 


■015 


•008 






14 


■051 


■060 


■048 


■044 


-048 


•038 


■032 


■026 


■017 


•010 






18 


■058 


-058 


•056 


■052 


■049 


■044 


■087 


•030 


-020 


■Oil 






18 


■085 


■085 


■063 


■059 


■055 


•050 


■042 


■033 


■023 


-013 






20 


■073 


■072 


■070 


■066 


■061 


■065 


■047 


■037 


■026 


■014 






22 


■OMO 


■079 


■076 


■071 


■067 


■060 


■051 


■041 


•029 


■015 






24 


■087 


■088 


■083 


■077 


■074 


■066 


•056 


■045 


■031 


■017 








■095 


■003 


■090 


■081 


■080 


■071 


■060 


■048 


■034 


■018 




1 




■102 


■101 


■098 


■092 


■088 


■077 


•06S 


■052 


■036 


■019 




1 


81} 


■109 


-108 


■105 


■099 


■092 


■082 


■070 


■055 


■039 


■020 




1 


32 




■116 


■112 


•lOB 


■098 


■088 


■076 


•058 


•042 


■022 




1 


34 


■123 


■122 


■118 


■111 


■104 


■094 


■079 


■062 


■044 


■023 






36 


■181 


-180 


■128 


■119 


■110 


•099 


■084 


•066 


■047 


■024 






88 


■138 


-137 




■126 


■116 


■105 


■089 


■070 


•049 


■025 






40 


■145 


■144 


■140 


■133 


■123 


•110 


■098 


•074 


-052 


■027 






42 


■153 


■150 


■H6 


■188 


■128 


■115 


■098 


■077 


•055 








44 


-160 


■158 


•153 


■145 


■135 


■121 


•108 


■081 


■057 


•030 






46 


■167 


-1H5 


■IGO 


■152 


•141 


■126 


-107 


■085 


•060 


-032 






48 


■174 


■172 


•167 


■158 


■147 


■182 


■112 


■088 


■062 


■083 






60 


■182 


■180 


■175 


-166 


■163 


■138 


■117 


■092 


■065 


■a34 






5a 


■189 


■187 


■181 


■171 


-159 


■143 


•122 


■095 


■068 


■085 






54 


■197 


■194 


■188 


■178 


•165 


■148 


■126 


•099 


■070 


■036 






GO 


■201 


■202 


■195 


■186 


■171 


■154 


■131 


■108 


•073 


•038 






o 68 


•211 


■209 


■202 


■192 


■177 


■159 


■136 


•107 


•075 


■089 






1 


■218 


■216 


■209 


■198 


■IBS 


■164 


■140 


■111 


■078 


•041 






2 


■225 


■228 


■215 


■204 




■169 


■146 


•114 


08t 


■042 






4 


■233 


■231 


■223 


■211 


■196 


■175 


150 


■118 


083 


■043 






6 


■240 


■238 


■230 


■217 


202 


180 


156 


■121 


■086 


■045 






8 


■247 


■24S 


■237 


■224 


'208 


■186 


■169 


•125 


■088 


•046 






10 


■255 


■252 


■314 


■231 


■214 


■191 


•163 


■130 


■091 


■048 






12 


■262 


■260 


■252 


-237 


■■220 


■196 


-168 


■133 


■004 


■049 






14 


■269 


■287 


•258 


■244 


■226 


■202 


-178 


■188 


■096 


■050 






16 


■270 


■274 


•265 


■2-51 


•232 


■207 


■177 


■140 


•099 


■052 






18 


■284 




■273 


■267 


■238 


■213 


•162 


•144 


■101 


■068 






20 


■291 


■2B8 ^279 


•264 


•24* 


•218 


•167 


■148 


■104 


■056 
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f TABLE OF OBSIKATES Un Feef)-Conxi^wd. ^H 

OrdiniKa five fat apitrt.^Chord ont hundred fett. ^^^H 
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m 

4 


*5f^" 


^'Uii: 


unit. 


WIeM, 


Br... 


30 f«^ 


^if„. 


3DieeL 


ihtt. 


.or«. 


EfsM. 


1 22 
24 
26 
:!8 
80 
32 
84 
SG 

40 
42 
44 

40 

s 

62 

54 
56 

i 
6 

8 
10 
12 

le 

18 
20 
22 
24 
26 
28 
SO 
82 
S4 
86 
88 
40 


■29a 

'SOS 
■313 
■320 
■827 
■334 
■841 
■84S 

■see 

■864 
■371 

■878 
■385 
■893 
■400 
■407 
■414 
■422 
■420 
■436 
■443 
■451 
■468 
■465 
■473 
■480 
■487 
■495 
■502 
■509 
-616 
■623 
■531 
■588 
■645 
■562 
■660 
■567 
■674 
■582 


■295 
■803 
■310 
■317 
■324 
■831 
■388 
•345 
■358 
■360 
■307 
■374 
■882 
■8S0 
■890 
■408 
■410 
■418 
■425 
■432 
■439 
■446 
•454 
■461 
■408 
■475 
■482 
■490 
■497 
■604 
■511 
■518 
-526 
'583 
■640 
■547 
■554 
■662 
■569 
■676 


■285 
■293 
-300 
■807 
■314 
■821 
■328 
■335 
■342 
■349 
■360 
■368 
■870 
■377 
■884 
■391 
■398 
■405 
-412 
■419 
■426 
■433 
■440 
■447 
■454 
■461 
■468 
■475 
■482 
■480 
■49H 
■503 
■610 
■617 
■624 
■631 
■538 
■645 
■562 
■559 


■270 
■277 
■284 
■291 
•297 
■804 
•810 
-317 
•323 
330 
■837 
■343 
■350 
■350 
■864 
•370 
•37e 
■888 
■389 
■397 
•403 
•409 
-410 
■42S 
■430 
■437 
■443 
■450 
■456 
■463 
■470 
■476 
•483 
•489 
■496 
■503 
■509 
■616 
■522 
■529 
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266 
263 
209 
275 
281 
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293 
299 
306 
812 
318 
324 
830 
336 
842 
848 
364 
860 
366 
873 
879 
385 
8B1 
397 
403 
409 
415 
421 
428 
434 
440 
448 
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453 
465 
471 
477 
483 
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■224 

■285 
-240 

-246 
-261 
•257 
■263 
•268 
■273 
■278 
■284 

■296 
■800 
■306 
■311 
■816 

■827 
■332 
■838 
-343 
■349 
■855 
■360 
■860 
■371 
■877 
■382 
■387 
■393 

-404 
■409 
■415 
■420 
■425 
■481 
■438 


■192 
■197 
■201 
■206 

210 
■215 
■219 
■224 
•228 
■233 
■238 
■242 
■247 
•251 
■266 
-201 
■205 
■270 
■275 
-280 
■284 
-289 
■298 
■298 
■303 
■808 
■812 
■817 
■331 
■820 
■330 
■834 
■338 
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6-957 


6-751 


6-406 


5-922 


5-297 


4-630 


3-619 


2-865 


1-886 


38 


7-252 


7-178 


6-966 


6-609 


B-m 


5-487 


4-676 


8-737 


2-649 


I -401 


34 


7-472 


7-898 


7-179 


6-818 


6 -SIX) 


6-637 


4-822 


8-854 


2-788 


1-446 


85 


7-694 


7-019 


7-893 


7-017 


0-489 


5-807 


4-908 


8-972 


2-817 


1-490 


88 


7-918 


7-841 


7-609 


7-222 


fl-679 


8-978 


5115 


4-090 


2-901 


1685 


37 


8-143 


8-063 


7-825 


7-427 18-870 


6-149 


5-262 


4-209 


2-985 


1-581 


8S 




8-2B6 


8-041 


T-633 I7-O6O 


6-320 


5-410 


4-827 


3-069 


1-62S 


se 


8-592 


8-508 


8-257 


7-838 17-251 


6-491 


5-667 


4-446 


8-163:1-672 


40 


8-816 


8-731 


8-474 


e-044|T-442 16-663 


5-705 


4-665 


3-2S6'1.71fl 
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AETICLE XVIIL 

On Long Chords. 

It is sometimes convenient, in preliminary locations, to 
lay off curves by chords longer than 100 feet. For in- 
stance, in Fig. 15, instead of running from a by chords 

a by b Cy c dy etc., of but 
100 feet, points d,/, 5^, etc., 
may be obtained with less 
trouble by using three 
times the tangential or 
deflection angles of the 
table (as the case may be), 
and employing chords a d, 
df^fgy etc., nearly three 
times as long as the chords 
abybCy etc. ; or if a rf, d/, 
fg be either 2 or 4 stations 
apart, then 2 or 4 times the 
tangential and deflection angles would be used ; and chords 
neai'ly 2 or 4 times 100 feet in length. 

Tlie next table contains tlie correct length of chord re- 
quh'ed to subtend from 1 to 6 stations. 

To find Hie length of a Long Chord to subtend any given 

number of 100 ft. chords. 

Rule. — Multiply the tangential angle for 100 ft. chords 
by the given number of 1 00 ft. chords. The product will 
be half the central angle subtended by the long chord. 
Find the nat sme of this angle. Multiply this sine by the 
radius of the curve. The product will be half the long 
chord. Multiply it by 2. 

Or, as a formula. 
Long Chord=sme of {tangl. angle X JVb. of 100 ft chords) 
X radius X 2. 

To find the Middle Ordinate of any Long Chordy if such 

should be desired. 

Rule. — Multiply the tangential angle for 100 ft. chords 
by the number of 100 ft. choixls subtended by the long 
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chord. Find the nnf. versed sineof the product. Multiply 
this versed sine by the radius of the curve. 

Remaric I. — Long ckorda may at times be tiseful for 
■passing an obstacle. 

Thus, suppose ive are running the curve ag, Fig. 15, 
by tangential angles and chords a d, (lf,fg, of 100 feet ; 
the transit being at a. An obstacle o prevents taking a 
sight oaf; but the curve may still be continued from n 
by using a long chord ag, subtending the three 100 ft. 
chords. The angle nag or aga will here equal the sum 
of the three tangential ajigles nad, d af, fa g. 

It ifi plain that from a we may, if necessary, continue 
the curve beyond g by tangential angles and 100 ft. chords 
as before meeting with the obstacle. 

This Method, and those in Arts. I. and XXXVII., 
will cover nearly all cases in practice for the pa=sing of 
obstacles. 

Remark 2. — Witli the methou of curving by long chorda 
alone, the instrument should be moved to each successive 
point after it is determined, in order to fix the next one, 
instead of attempting to obtain more than one point from 
one position of tlie instrument ; because when the chords are 
longer than one chain tliey cannot be measured in the right 
direction by eye, but must be guided by the instrument. 

Remark 3. — It must be borne in mind that, in any given 
cm-ve, only the tangential and deflection angles increase in 
the same proportion as the number of 100 feet stations 
subtended by the long chord. Therefore, these long chords 
cannot be used for laying out curves by eye, as their tan- 
gential and deflection di^nces are not. here given. 

When It is required to use long chords for turning a 
curve by Art. 3, they should be composed of a number o( 
wliole chains, being made say, 200, 300, or 400, etc., feet in 
length, because the ds^ecd'on distances of curves of given rar- 
diua are exactly, and the tangential distances approximately 
03 the squares of the number of chains in the length of 
the long chord. For instance, to lay off a 5" curve by 
chords of 200, 300, or 400 feet in length, the tangential 
and deflection distances of the table must he multiplied by 
4, 9, or 16. as the case may be. In this case the tangen- 
tial and deflection angles are unknown. 
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TABLE OF LOHG CHORDS. 






—1 




H^I^IulW 


i'S"'i"' 


LciiE'Hur Chord mroelrequlrwlloiii blend 










1 snu™. 


llHUKkm. 


3 SUUOD. 


< BoUoo. 


SBUIini. 


g siuioui. 




5729-B 


lO 


100 


200-0 


300-0 


399-9 


499-8 


599*7 




4583-8 


i 


100 


200-0 


300-0 


399-9 


499-8 


599-6 






381B-8 


i 


100 


200-0 


299-9 


399-8 


499-7 


599-4 






3274-2 


1 


100 


200-0 


299-9 


399-8 


499-5 


599-2 






2864-9 




100 


200-0 


299-9 


399-7 


499-4 


598-9 






254B-B 




100 


200-0 


299-9 


399-6 


499-2 


598-6 






2292-0 


100 


200-0 


299-8 


399-5 


499-0 


598-3 






2083-7 




100 


200-0 


299-8 


399-4 




598-0 






lfllO-1 


3° 


100 


109-9 


299-7 


399-3 




Si)7-6 






1763-2 




100 


199-9 


299-7 


399-2 


498-4 


597-2 






1637-3 




100 


199-9 


299-6 


399-1 


498-1 


596-7 






1528-2 




100 


199-9 


299-G 


399-0 


497-9 


596-2 






1432-7 


40 


100 


199-9 


299-5 


398-8 


497-6 


595-7 






1348-5 




100 


199-9 


299-5 




497-3 


S9S-2 






1273-(J 


1 


100 


199-8 


299-4 




496-9 


594-6 






1206-6 


100 


199-8 


299-3 


398-3 


496-6 


594-0 






1146-3 


BP 


100 


199-8 


299-2 


398-1 


496-2 


593-4 






1091-7 


i 


100 


199-8 


299-1 


397-8 


495-8 


592-7 






10421 


1 


100 


199-8 


299-0 


397-7 


495-4 


592-0 






996-9 


100 


199-7 


298-9 


397-5 


495-0 


591-2 






955-4 


6° 


100 


199-7 


298-9 


397-3 


494-5 


590-4 






917-2 


i 


100 


19fl-7 


298-8 


3970 


414-1 


589-8 






881-9 


i 


100 


19fl-7 


298-7 


896-8 


493-6 


588-8 






849-3 


i 


100 


199-6 


298-6 


396-5 


493-1 


587-9 






819-0 


■JO 


100 


139-6 


298-5 


896-3 


492-6 


567-0 






790-8 


i 


100 


l»9-6 


298-4 


396-0 


492-0 


586-: 






764-5 


i 


100 


199-6 


£98-3 


395-7 


491-5 


586-1 






739-fi 


I 


lOU 


190-e 


298-1 


395-4 


49(l-9 


584-1 






71G-B 


8° 


100 


199-5 


298-0 


395-1 


490-3 


583-1 






6951 




100 


199-5 


297-9 


394-B 


489-7 


582-0 






674-7 




100 


199-5 


297-8 


394-5 


489-1 


580-9 






655-4 


100 


199-4 


297-7 


394-2 


488-4 


579-8 






637-3 


9" 


100 


199-4 


297-5 


393-0 


487-7 


578-6 






620-1 


k 


100 


199-4 


297-4 


393-5 


487-1 


5T7-4 






6()3-S 


i 


100 


199-3 


297-3 




486-4 


578-2 






588-4 


i 


100 


lM-3 


297-1 


392-8 


485 6 


575-0 






573-7 


10° 


100 


190-2 


297-0 


392-4 


484-9 


573-7 




For rsd 


i less t1 


an 573- 


feel, it 


is never required to use 


longer 




chords tha 


n 100 fee 











Remark, — ^Intermediate ones may be found by simple 
propoitioD, 
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CHAPTER III. 

COMPOUND A»D REVEKSE CURVES, ETC. 
ARTICLE XIX. 

We have hitherto spoken only of simple enrvea ; that 
13, of such as Jire parts of only one circle ; and lience have 
but one radius, and e({ual apex distances. 

Compoand CurveB Defined. 

When a curve, as apz, Fig. 16, has apex distaucea, a; a, 
.^■^, of different Icngtha, it must also 
have at least two different lengtiia p e, 
p o, of radius ; and if the curve also 
runs in one general direction, like ap z, 
(instead of in two directions, like arw, 
Fig. 18), it is called a compound curve. 

The point p, at which the change of 
rjdius occurs, is called the Point of 
Compound Curvature; and the stake 
at that point in a .sorvey, is marked P C C. 

Beverse CiuveB Defined. 

When one of two adjacent tangents [xy and yz, Fig, 
17; ov xy and yw, Fig. 18) de- 
j^..- bhb-it fi^ts to the right, and the other 

to the left, their two curves ap and 
qz. Fig. 17, must also deflect in 
different directions, as seen in the 
two Figs. When these curves, 
as a r and r w. Fig. 1 8, touch each 
other, as at r. Fig. 18, the two ti^ether constitute a true 
Reverse Curve. They are of^n called reverse curves, 
even when, as in Fig. 17, they are separated by a short 
tangent p q. 

Remark I. — Keverse curves should never be run without 
such an intermediate tangent, if it is possible to avoid 
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doing so; because the omission prevents the proper ele- 
vation of the outer rail of the curves, and thus enforces a 
reduction of speed in travelling around them. 

Remark 2. — The two branches or arcs of a reverse curve 
may have either equal or unequal radii ; or each branch 
may be in itself a compound curve. 

Remark 3. — The introduction of the tangent pg, Fig. 
17, evidently transforms a true refverae curve into two 
entirely detached simple ones, ap, qz, each subject to all 
the rules for such. 

ABTICliE XX. 

The la3riiig-ont of Compound and Beverse Curves. 

This is a very simple operation, requiring no further 
knowledge of principles than is taught in Art. I. Thus, 
starting at a, we run the first branch a r by means of tan- 




gential angles xao,oae, ear, corresponding to the radius 
a c or r c; and with 100 ft. chords aOyOe,er, precisely as 
in Art. I. Arriving at the end r, we move the instrument 
to that point, and lay off either a single tangential aogle 
e r X, or the triple one arx, etc., thus bringing the telescope 
to sight along x r. Revolving the telescope, it will sight 
along the tangent ry, or xr continued. Now it is plain 
that if, starting from this tangent ry, we continue to lay 
off the same tangential angles as before, we shall thereby 
extend the curve a r of radius r c. But if we lay off new 
tangential angles yra^arz, ete., corresponding to the radius 
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rd' or zd', we shall complete the oompound curve arz. 
Or if, from the opposite side of the same tangent r y, we 
lay off tangential angles yrv, v 7*71^71 rw, etc., correspond- 
ing to the radius r d or w dy we thereby complete the 
reverse cm've a rw. 

* ABTICLE XXI. 

Having given the two unequal apex distances a p, p z. Figs. 
19 and 20; and the total deflection angle, or total 
central angle, v + w, Required to find two radii a c and 
z d, for a compound cm've a 6 2;, to unite a and z tan- 
gentially.* 

RULE. 

Ist. Find die sum, and also the difference, of the apex 
distances. 




/ 



V ■ 



/ 



r<: 



/>"' 



.'^ 



/v 



y*s 



/ X b J \ 




^ 



Fig. 19 



Remark. — If, as in Fig. 21, the tangents are paraJM, 
there will be no apex distances. For such cases see Art. 
XXII. 



* The above rule enables us to join any two points. It always gives 
a curve in which the line c 6, dividing the two branches, will, when 
extended, strike the apex p; which will rarely happen when the 
radii are determined upon beforehand, as in Art. XXIII. 
6 
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2d. Divide the total deflection angle, t? + w, by 2. The 

quotient will be the sum of 
the two tangent angles x and 
y, Fig. 19. Call this sum 
8; and call their unknown 
difference d. ^ 

Remark.— The same prin- 
ciple applies to Fig. 20, but 
cannot be conveniently illus- 
trated in that Fig. Many of 
the dotted lines in Fig. 19 
are merely to aid in our subse- 
quent demonstration. 

3d. Then say, as the 

Sum of the . Diff. of the , , Sine . Sine 
apex dists. • apex dists. • • of s • of d 

4t|j. From die table of sines take the angle d con'e- 
sponding to the sine last found. 

5th. Add together a and d. Divide their sum by 2. 
The quotient will be x, the greater of the two angles ; 
and 8 — X gives y, the lesser angle. 

6th. Find the angle v = twice x; and the angle w = 
twice y. 

7th Rodiufi dzk- ''^^ distance pz , 

# ilia XVitUlUS u z iss — ■ji • 

tangem ojw 

, T» J. . apex distance pa 

and Kadius c a is = -^ ; — ^ ^ . 

tangent oj v 

Remark. — When this rule is used the larger angle, v, 
always corresponds to the shorter apex distance, ap. 



nEMONSTHA TION. 

The foregoing process is based upon the principle that, 
as the 

Sum of the Diff. between Sine of the Sine of the 

tangents of ; said two ; ; sum of the : diff. of the 

any two angles tangents two angles two angles. 

Referring to Fig. 19, we have 
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ra^pa X tang. o{rpa. A\Borpa^x. .'.Ta^= 
paX taJag. of x. 

A\sopb^=ra. .'.pb=pa X tang. o£ x. 

Ahomz^^pzXtaag. o£ mpz. Aadmpz=^T/. .'. 
mz^pz X tang, of y, 

Aho pb^^=jm. ,-. pb^ps X tang, of y. 

.•.pa X tang, of a; ^ p z X tang, of y ; or, as jj o ', ps 
; : tang, of y : tang, of x. 

po, then, repreaents tang, of y; and p s represents tang, 
of X ; and we have, as in 3d, 

pa+pzipa — p z, or pz — p a ; ; Sine of (x + y) 
: Sine of (a; — y). 

ABTICLE ZXII, 
To connect (angentkUly by a compound cirve, a b z, Fiff. 

21, two poinia a and z, not directly opposite each other, 

on parallel tingents ka and zn. 

Required to find the radii eb and db. 

We muat first find the central angles, r and w, of the 
two branches of the curve, thus : 

Rule. — Divide the perpendicular distance kz between 
the tangents, by the distance ka 
wliieh the endd of t]ie curve 
want of being opposite each 
other. The quotient will be the 
tangent of haz. Now A a is 
perpendicular to rf s, and by 
drawing d b perpendicular to a z 
we make zdb, or r, equal to 
kax.* Therefore kz-^ ka^= 
tangent of v. 

Find V in the table of tan- . 
gents; and deduct it from 180°. 
The remainder will be the an^le w ; because when tan- 
gents are parallel, v -\-w must, always be 180°. 

From the table take the versed sines of u, and of to. 
Then 




*The pointB a and z may be joined by other compound corves, 
which db is nol perpendicular to iti, but by making it perpendicular 
we (ibtain a satiafaiiory curve, and a. simple method of finding 
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Badius cb = 

Hadiaa d I) :^ half kz-i- versed sine of «; 
for when the tangeots ka and zn are parallel, a line an 
joining them at right angles is — (d A X ver. sine of v) + 
(a c X ver. sine of w). 

And when d 6 is made perpendicular to n z, then (a c X 
ver. sine o£w)^=(db X ver. sine of v) ^= half an. 

ARTICLE XXIII. 

Saving the total d^UeHon angle, x', I^s. 22 and 23, be- 
tween two tangents, a c and c b, which are to be united 
by a oompound curve a p h, darting jrom &,itis 

Required, lo find how far a c,Jrom, the apex, c, to begin 
the curve. See footnote to Art. XXVI. 




We must iirst decide what radii, p r and p o ; and what 
lengths, in chords, the two brandies, ap and p 6, of the 
oirve ehall have. 

Rule. — Find the central angle, r, subtended by the sec- 
ond branch, p 6, of the curve,=: its chord-deflection angle 
X its number of chords. 

Find, in the table, p. 170, the versed sine of diis an- 

Find the difference, r o, in length between die radii p o 
and pr. 



w 



ns^'EItSED CURVE! 



Find bh = ro X vei-sed sine of r.* 

Yiiid ill the table, p. 124, tlie sine of a/. 

Fiud dc^bh-T- aiiie just f'ouud. 

Fiud ID tlie table, p. 124, tlie taugent of Juilf the cen-J 
tral angle x. 

Find ad=^ radius ar X. tangent just found. 

Find a c, thus : 

Case I. — \Vhen x is less than 180°, ac^^ad-\- do. 

Case 2.— When x exceeds 180", and the shorter radiu^fl 
is run first, ac = ad -\- do. 

Case 3. — When x exceeds 180°, and the longer radiua I 
is run first, ac = ad — dc, or 

Case 4. ac^=dc — ad. 

For the starting point a, from c measure rac backward, 
in Cases 1 and 4 ; or forward in Cases 2 and 3. 

ARTICLE XXI7. 

Hnoing the tolal deflection avgfes x b i and w c i, F!g. 24, 

and tlie distance h c, U i 

Required to jmdilie grealed radiua, g i o- h i, thai can he I 
euijAoi/ed in a reverse CM-ve, £ o i u in,/orunilmgB.htocAi I 
and to locate the pohU of curve, f ; or point of tangent, in. ! 

Rule.— Fi'on] tlie table, p. 1 24, lake tJie taugent othg' 
=^ half oi xb i; and the tmigent 
of i A e — half of w ci. Add 
these two tangents together, and 
divide 6 c by their sum. The 
quotient is the greatest common 
radius, gior h i. 

Find the apex distance b i or/^ 
i/^radiusgrtXtangeut ofbgi. 

Fiud the apex distance ci ot 
cm = radius hi y. taugent of i h o; 

Example.— Let xhi be 108° 20'; wci 50° 46'; and J 
the distance be 960 teet. What is the length of radiua I 
hi or g i, of the easiest reverse curve for uniting ra 6 to 1 

* Beisiise if we imagine Ibc iirst brAncb, ap. of the ci , 

tended forward lo it, so as to subtend the ancle i ^ z', and fromp draw , 
Dwnat right angles loo6,lhen».t( — 7.Alis = rpXver.--- ' ' 

.v);r}b=opXysr. sine of n; and fiftis = n6 — ni, a 
"~ — of the radii X" 




= be — bi. 



= the di^rence r 



leoff. 



W FIELD PROBLEMS. 

cd; how far, bf, back from 6 must the curve begin ; and 
how far, c-m, forward from c will it end ? 

Here we have, 
halfofa;6i(108'=20') = 54°10'; its tangent 1-3848; 
and half of wo i( 50° 45') = 25° 22J' ; its tangent -4743. 

The snm of these tangents = 1-3848 +"4743 = 1-8591. 

Radius 5i or Ai = 6c (950 ft.) ^1-8591 =511 ft. 

Apex (fiatance 6 i or bf= Rad. gi or hi {511 ft.) X 
tang, ofhfdfxbi {1-3848) = 707-63 ft. 

Apex distance o i or cm = Rad. ffi or hi (61 1 ft.) X 
tMig.ofA<rf/Moi (-4743} = 242-37 ft.; oT = bo~bi = 
242-37 ft. 

ARTICLE XXV. 

To alter the last part of a Cnrve so that it will properly 
join a New Tangent. 

Remark. — This problem covers most of the cases that 
occur in practice ; but at times certain rostrictions present 
themselves which require other methods, some of which 
will be found further on. 

Moving from a, Figs, 25, 26, 27, and 28, run a curve ab, 

ending in a ftmgent b e, vie wish to niter the radius of the 

lad part of U, so that ii shall conned tangaUially imSi a 

new tangent g f, either parallel to the old one b e, or not. 

Rule. — From any point o of the curve (which point 

must be back/rowi s, when, ns in Figs. 25 and 26, the 

new tangent 3/ cufe the curve) run a short tangent ot to 

meet the new one gf. Measure both / and the outer 

meeting angle o tg. Thia angle will be equal to tiie central 

angle, oxn, of the new part, on, of the curve. Hence 

New radius ox = —— = — „"-^ — __. 

tang, ot i oxn tang, ut i otg 

Remark I. — If we do the same thing at a, we shall get 
a radius which will give a wtiifcrrm curve from a to the 
new tangent gf; and this will often be better than the 
compound curve otherwise obtmned. 

Remark 2. — When, as in Figs. 25 and 26, the new tan- 
gent gf eats the curve, as at s (or if it should cut an extension 
of the cur\-e forward from bj, then any new rad iuso a: will 
be shorter than the old one be; lengthening, however, the 
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farther we go back from 6 ; but when, as in Figs. 27 and 
28, the new tangent does not cut the curve (or an extension 
•of it forward from 6), any new radius o x will be longer 
than the old one 6 c; shortening, however, the farther we 
go back from 6. 





Fi«.S6 




X^' 



B^-sr 




yi«.SS 



Remark 3. — It does not always follow that the end of 
the new part of the curve of greater radius than the old 
part will always extend beyond 6, as in Fig. 27 ; nor that 
one of shorter radius will fall behind 6. 

Remark 4. — In curves not exceeding 180° long, if the 
eiTor is small, it may be humored in by dividing it equally 
among the chords by measure, without retracing the curve 
with an instrument. This method may be employed with 
perfect security so long as the error does not exceed 1 ioot 




to every chord of 100 feet ; and it will never be so great 
if moderate care be taken. 

Thus, il" the curve be 20 chords long, and the error 20 
feet, the last stake may be moved 20 feet, the next 19, the 
next 18, etc., as nearly at right angles to the curve as can 
be judged by the eye. 

The same ordinates that would have been used had the 
curve been correct, will answer for the one so adjusted, 
without perceptible difFerence. 

The resulting curve will not be truly circular, although 
very closely so ; still, for the sake of uniformity throughout 
the route, it had as well be corrected at leisure, before 
actual grading begins, if the error exceeds 2 or 3 inches 
per 100 ft. chord. 

AETICLE XXVI. 

Having from a, Figg. 29 and 30, run a cun'e a b fo the. 
tangent b 8, il is desired, with the same radius, to strike 
the parallel tangent og, eitlter inside of b-B, as in the 
Figs., or outside of it; the perpaidicular distance, be, 
bettoeen the tangents beinff given. 

Required, the distance, a,a,for idarting the new cui've 
no.* 

Rule. — In either Fig. ilnd the sine of the central angle 

*It must be carefully bnme in mind that in Fift. 30, as well »s in 
bII that Mlnw ill whicli the curve is greater than 180°, iliu central 
angle is the larger one at tlie centre, and ia tlie one tliere .subtended 
by the curve. Tlie smaller one at the same centre, and denoted by 
the rerj same letlera, m wliat we have called the substitute angle. 
See page 30. In some of the problems this is eubelituted for the true 
central angle; but when bo, the fact \i staled. Ko error, however, 
would arise from taking the sine, cosine, tangent, etc, of one for that 
of the other, inasmuch as lh3y are the same for both angles. 

In the simple curve fiefi._Fig. 30, the true central angle arfi is that 
on the right of the two radii ai and 6i; while llie angleai^i on the 
leh of those radii is the Kvbstihile angle; always equal to what the 
central angle wants of being 3G0°. 

The same tare is necessary with regard to the total deflection angle, 
(shown by Ilie dotted arc arotind r. Fig. 30) where two tangents of 
a curve of more than ISO" meet. Whether the curve is greater or 
less than ]SU°, this angle, in a timple curve, is always equal to the 
central angle ; or, in a compovnd curve, to the sum of its t*o or more 
central angles. 
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ax by subteDded by the curve. Divide the given distance 

6 c by this sine. The quotient will be the distance 60 = 

an; to be measured backward from ato n, when, as in 

Fig. 29, the new tangent 

og is back towards the be- ^ j^ 

ginning of the survey, 

from the old tangent bs; 

and to be measured for- \ 

toard from a to n, when, i 

as in Fig. 30, the new tan- j 

gent ^ is forward towards I 

the end of the survey, from ^ I 

the old tangent b s. 

Remark. — If the cen- 
tral angle a a: 6 is just 90° (as it would be with the tan- 
gents e k and wm'm Fig. 30) ; or just 270°, the sine is 1 ; 
and the dist anis = ew?-5-l=ew?. Kthe central angle 




Fig. so 




be 180°, the sine is ; and the problem is impossible, l^i 
tliis case a change of tangents would reqm're a change in 
the length of the radius. 

Since the two cm^es a b and n o, in either one of the 
figs., starting from the same tangent n r, are equal, 6 
must be equal to its pai*allel an. And as 60 is made 
parallel to the tangent, d a, 6 c is, in Fig. 29, evidently 
equal to total deflection angle yro = axb ; and in Fig. 
30, to the supplement, yrq^ of total deflection angle 
drq. 
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Now an angle and its supplement (see p. 121) have the 
same sine. 

As 6 a; is perpendicular to oQy 6cis = 6oX sine of 
hoc or o{ axb. 

In other words, 

, , V. he 6c 

^ ^ sine of boo sine of centi-al angle. 

AETICLE XXVII. 

Saving fram a run a curve, a c, Figs. 31 and 32, ending 
in a tangent, en, it is desired to start again at the same 
pointy a, and to run a curve, a b, either of longer radius, 
a^ in the figs., or of shorter radius, to unite toith a tan^ 
gent, ojs hia,parcUlel to en; and either outside of en, 
as in the figs., or inside of it. 

Required, the new radius. See footnote to Art. XXVI. 
Remark. — This rule applies equally to the case of a cowi- 
pound curve, as w a c, whefre it is desired to retain (he same 
point, a, of compound cui^aiure. 

Here we first find the difference between the two radii ; 

and then either add it to, or 
take it from, tlie first I'adius 
to get the new one. 

Rule. — Measure the short- 
est distance, o b, between the 
tangents, bm and en. 
\m Divide this o 6 by the 
versed sine of the central an- 
gle, adc, subtended by the 
5^-31 curve. Thequotientisthedif- 

feixjuce, d^, between the radii. 
Then if the new tangent, b m, lies outside the old one, 
en, as in the figs., add dg to the old radius, a d, for the 
new one, ag. 

If the new tangent lies inside the old one, subtract dg 
from the old radius, for the new one. 

Remarlc. — If the central angle is just 90°, eisade. Fig. 
32, or just 270°, the difference dg between the radii will 
be equal to the distance /A between tangents /i and hj; 
hecaxiae the vei-sed sine of 90°, or of 270°, is 1. 
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If the total angle is just 180°, sis agq, Fig. 32, the 
difference dg between the radii will be equal to AaZf the 
distance p q between the tangents p v and qu; because the 
versed sine of 180° is 2. 



DEMONSTRATION. 



From a draw the dotted line a r, parallel to the two 
tangents, bm and en, and therefore perpendicular to dc 




and g b. Then « c = radius a d X versed sine of central 
angle; and r6 = radiu8 a^ X versed sine of central 
angle. 

The distance bo between the tangents is = r6 — «c = 
{ag X ver. sine of central angle) — {ad X ver. sine of 
central angle) =^{ag — ad) X ver. sine of central angle^ 
as shown by the dotted line, x c, and dotted arc, c 6. 

Hence difference d g of radii, or a ^ — a d, is 
bo 

. ver. sine of central angle* 
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ARTICLE ZZVIIL 

Having from a, Figs. 33 and 34, run a curve, a b, ending 
iangentiaUy in be, we vrish to change the starting-point 
from a to f, so that with the same radius, ea, we shall 
strike^ as at i, a new tangent, b d, passing Uirough b, and 
deflecting either inward or outward from h c. 

Required the distance a f. See footnote to Art. XXVI. 

f st Place the instrament at 6, and measure the anrfe dhc. 
2d. Find the new central angle, fgi {=und), thus: 

If, as in Fig. 33, the 
j^ new tangent, b d, de- 

flects outward, then 
^ \, fg i is ^ old central 

angle aeb (subtended 
^b ^y ^^^ curve) minus 

^^dbc. Or if, as in Fig. 
34, the new tangent, 
bd, deflects inward, 
then fg i (of the en- 
tire dotted arc/i) is 
= old central angle, aeb (of the entire arc a b), plus dbc. 
Remarlc. — If the new tangent, b d, is parallel to the origi- 
nal one, a s (in other words, iffg i is 180°), then the radius 
must be shortened so as to be = half the perpendicular 
distance between a s and the new tangent, and the curve 
may start from any convenient point, as a,/, etc., etc., on 
the tangent n u. 

3d. Find e x (= kw) = radius eaX ver. sine of dbc. 

4th. Find ge {= af) = ex-i- sine offg i. 

5th. If, as in Fig. 33, the new central angle is less than 

180°, measure af, thus found, backward from a. If, as in 

Fig. 34, the new central angle exceeds 180°, measure af 

forward from a. 

Example. — In Fig. 34 the new tangent, b d, deflects 
inward from the first one, b c. Therefore, 
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fst. Measure dbc = say 40®. 

2d. Find fg i or und = aeb (say 250°) -\- dbc (say 
40°) = 290°. 

3d. Find e x {= k ic) = radius e a (say 100 ft.) X ver. 
sine (-234) of dbc = 23-4 ft. ■ 

4th. Find a/= e x (23-4) -5- sine (-940) oifg i = 24-9 ft. 

5th. Since/ gi exceeds 180°, measure a/ (24*9 ft.)/or- 
warrf from a for the new starting-point/. 




DEMONSTRATION. 

Draw the line hwex, Figs. 33 and 34, peipendicular 
to new tangent b d, and passing through the old center e. 
Since k e and b e are respectively perpendicular to both the 
new and the old tangents, bek is = dbc. If the curve 
were to be pushed back from k, along the line k x, it 
evidently must, in order to become tangential to b c?, move 
through the distance e x (= kw) = radius X ver. sine of 
/j c 6 or of d 6 c. But the curve must be tangential, not 
only to 6 d, but also to nu; and the center of the curve 
must, therefore (after moving from e to x), move along the 
line xg, perpendicular to ex, and parallel to bd, until its 
perpendicular distance/^ from a« is = radius ea. 

Now, to find the distance eg (= a/), through which 
to move the cm've at once from e or a, we have, 
7 
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Since x g and c ^ are respectively parallel to 6 d and 
nUfegxis=:^und=fgi. In the right-angled tri- 
angle exg, ex 18 evidently = eg X sine of e g x (or of 
fg i). In other words, e g (= af) is = e a; -f- sine offg L 



ARTICLE ZZIZ. 

Having from a, Fi^s. 35 and 36, run a curve, a b, to b, 
where it is tangefniixd to he, we wish to find a new radius, 
ag,/or a new cui^e, Sii, to begin at the same point, a, 
and end, as at i, in the new tangent, i d, which intersects 
the old tangent, b c, o^ b. 

Required the new radius a g or ig. See footnote to 
Art. XXVI. 

Remaric I. — In this problem, the new radius will always 
be shorter than the old one. 

Remaric 2. — If the new tangent, or its extension back- 
ward, cuts the old radius, 
a e, as in Fig. 33, this prob- 
lem does not apply. In 
such cases, the starting- 
point, a, must be moved. 
See Arts. XXVIII. and 
XXX. 

1st. Place the instrument 
at b, and measure the angle 
dbc formed by the old and 
the new tangents. 

2d. Find the new central 
angle agi (subtended by the entire new curve ai)z=aeb 
minus dbc, when, as in Fig. 35, the new tangent, b d, 
deflects outward at b; or = aeb plus dbc, when, as in 
Fig. 36, it deflects inward. 

3d. Find ex {=kw) = radius a e X ver. sine of dbc. 
4th. Find g e, the difference between the old and the 
new radius = ex -i- ver. sine of a ^ i or of t* n d. 
5th. Find the new ludius ag = old radius ae — ge. 




]Pi«.3S 
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I^EMONSTRATION. 

To show that exm^ radius a e X versed sine of d 6 o, 
see demonstration of Art. XXVIII. 

To show that g e\& = ex -r- versed sine of a ^r i; from 
i draw i v, parallel and equal to g e. Now, i v and k v 
being respectively parallel to a g and i g, the arc ikis = 
arc a i, and the angle ivkis = angle a g L Also, k w 




(= e x) is evidently = 1 1; X versed sine ofivh (= g eX 
versed sine of a g i). In other words, g e ia = e x -r 
versed sine of a^r i. 

ARTICLE ZZX. 

Saving from a, Figs. 37 and 38, run a curve, ab, to b, 
where it is tangential to he, we vnsh to change the radius 
and the starting-point, so as to strike the divergent tan- 
genty h d, at the same point b. 

Required the new radius /^r and the distance af. See 
footnote to Art. XXVI. 

Rule. — For the new radius/^. 

Isi Place the instrument at 6, and measure the angle 
db e. 

2d. Find the new central angle fg b, subtended by \\vfe 
entire new curve fb^ thus : If, as in Fig. S7 , tYie we^ \a3X- 
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gent, 6 df deflects (mtwardy then fg b (= u n d) is = old 
central angle aeb minus dbc. But if, as in Fig. 38, the 
new tangent, b d, deflects inward^ ibenfg b =old central 
angle aeb plus dbc, 

3d. Find fk (= aw) = old radius ae X ver. sine of 
aeb. 

4th. Then new Tai^uafg = fk -i- ver. sine offg 6. 




Remark. — Having now the new radius, it is plain that 
nothing more is necessary than to run the new curve,/ 6, 
backward, beginning at 6. This will, of course, bring us 
to /, without any special calculation for finding a/. It 
may, however, be found thus : 

1st. Find bk {= new radius/^ X sine of fg b), 

2d. Find b w (= old radius aeX sine of a 6 6). 

3d. Find a/, thus : 

If aeb and fg b are both greater (as in Fig. 38), or 
both less (Fig. 37), than 180°, then 

af is = the difference, k w, between 6 k and 6 w. 

If either aeb or fg b is greater, and the other less, than 
180°, then 

a/ is = the sum of 6 A and b w. 

4th. From a, measure af along a a; toward b if the 
new radius is less than the old ; and away from b, if, as 
in Figs. 37 and 38, the new radius is greoier than the old. 
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ABTICLE XXXI. 

Having run a curve from o to a, Figs, 39 and 40, and then 
a tangent to b, we wish to find a new point, e, on the 
curve, such that a new tangent, e c, shaU pass through a 
point, c, at a given distance, b c, at right angles to a b. 

In Fig. 39, the point c is outside the tangent ah ; and 
in Fig. 40 it is inmde. 




>c 



irig.30 




inis.40 



Required, to find the angle x, which is the number of 
degrees to go backward along the curve from a to e, in 
Fig. 39; or forward in Fig. 40. 

Rule. — Complete the rectangle, abed, thus making 

dc = ab ; ana ad=bc; and thus finding g d,= the 

sum of ga and a d in Fig. 39 ; and = their difference 

in Fig. 40. 

d c 
Find the angle y, by means of its tangent —-.. Find 

its sine. ^ 

Find cg,= dc -4- sine of y. 

Find the anrfe z, by means of its cosine — ^. 
^ ' ^ eg 

Find the angle x, = the difference between y and z. 
This X is the number of degrees from atoe; and con- 
sequently -1 — T-T-a — r: 5— is =thenimiberof c/iorcfe 

^ ^ chom-deflection angle 

from a to c. 
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ASTZCLE XXXII. 



Having from a laid out a simple curve to h, Figs. 41 and 
42, and. at b changed it to a compound curve by adding 
b c, «o that die it iemmiales in the tangent en; Ui^ 

Required to find a new point, k, of compound earvainre, 
80 tliai the compound curve, akf, traced with the same 
padii as before, may terminate, as at f, in a new tangent, f m, 
parallel to the first one, c n, and either outside or inside of it. 
There are two cases: ~ 

Case I. — A. (Fig, 41) ^Vben the cun-c of shorter ra- 
radius is ran first, and the tangent souglit 
is inside the first one. 
B. (Fig. 42) \Vhen the cnrve of longer i-adius 
is run first, and the tangent sought is out- 
side of the first one. 
Case 2. — C. When the curve of shorter radius is niu 
first, and the tangent sought is outside of 
the fii-st one. 
D. When the curve of longer radius is ruu 
first, and the tangent sought is inside of 
the first one. 
If we suppose the first brand), ab, of the curve, to 
be' extended fom-ard tn a point, /, where it would be tan- 
gential to j V, parallel to the two tangents, c n and fnif 
Uien: 

Case 1, as in our figs., is when j v and fm Bxe on the 
same side of en; and 

Case 2 is when j v and fm are on opposite sides of c n. 

Remark.' — In Case 1, the tangent/m sought, must lie 

between tlie fii-st tangent c n and the tangeut j v to the fii^st 

branch extended. Otherwise this problem does not apply, 

and the radii must be changed. 

Botb our figures illustrate Case 1, but by changiug the 
lettering they can be made to answer for Case 2. 

In both figures we have denoted equal angles liy the 
same letter, witliont reference to tLeii- poBition in tlie figiu-e. 
/fu/e, both in Case 1 and in Case 2. 
/St. From the Table, p. 170,take die vevwA sint ol iW 
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central angle, g, subtended by the second branch, bo, as 
first run. 

2d. Measure on the ground the distance, rs, at right 




angles bet\reen t^e tangents c n aoct fm. Divide r « by the 
difiei-euce, (£ 0, between the radii. Call the quotient -^ — 
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3d. Find the new central angle, e, for the second branchy 
hf, by means of its versed sine, which is equal 

f* 8 

in Case 1 to the versed sine of a minus -j- : and 

^ do' 

V 8 

in Case 2 to the versed sine of a plus -r-. 

^ ^ do 

Remark. — If, in Case 2, this sum exceeds 2, either the 
radii or tlie starting-point, a, must be changed, and this 
problem does not apply. 

Remark. — Either of the two angles given by the table 
for a versed sine, found as above, may be taken as 6/ but 
the one nearest equal to g will give the shortest distance 
to run backward or forward from 6. 

4th. Now, as the tangents c n and/m are parallel, the 
total central angle will be the same after the change as 
before it. In other woixis {w + e) will be equal to {y + ff). 
In order to bring this about, we must increase y just as 
much as we diminish g^ and vice versa. 

Therefore, find .t, Avhich is equal to the diflference be- 
tween g and e, find the number of chords in 6 fc, which is 

oc 

chord-defl. angle of first branch ab* ^ 

off this number of chords, /o/v/^arcZ if ^r is greater than e, 
bax^hvard if e is greater than g. 

Remark. — If, in going baclcward from 6, we find that 
X exceeds y, we must change the radii or the point a. 

Example. — Case 1. Suppose a 2° curve (radius 2865 
feet) followed by a 3° one (iTuiius 1910 feet), the second 
branch having a central angle of 36°. It is required to 
strike a tangent 20 feet outside the present one. 

Here, versed sine of 36° minus ^r^ — -^ — ,.'. /fvggx = 
' diff. of radu (955) 

vereed sine of new central angle. 

Or, -1910 minus '0209 = '1701 = versed sine of 
33° 54'. 

And 36° — 33° 54' is = 2° 6', which is = \^U chords 
of a 2° curve. Therefore go fot^ard Ij^ chords from 6, 
with fii^t radius a o, to fc. 

Case 2, Suppose a 2° curve followed by a 3° one ; 
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central angle of second branch 36°. It is required to 
strike a tangent 20 feet irmde the present one. 

Here, versed sine of e= versed sine of a plm-j- = .1910 

do 

+ ^ = .1910 + .0209 = versed sine of 38^ 
955 

And 5^ — 6= 38^— 36^= 2°= 1 chord of a 2° curve. 

Therefore, go back 1 chord from b with first radius, a o, 

to L 

I^EMONSTRATION 

of Case 1, by Figs. 41 and 42. 

From c, where the old second branch, 6 c, joins its tan- 
gent, c n, draw c I parallel to d o, the difference between 
die radii, and evidently equal to it ; thus making elt equal 
to ^. As c r is perpendiculai' too^, r<is = d!o X versed 
sine of ^. 

From/, whfere the new second branch, fe/, joins its tan- 
gent, /m, draw// parallel and equal to o i, and equal to d o. 
Then ynllflt he = e; and 8 1 will be = d o X versed sine 
of e. Now 8 t is = r t — r 8: in other words, (d o X 
vereed sine of e) is = (do X versed sine of ^) — r «. 

Hence we have, as in " Sd^ of the rule. 

Versed sine of e= versed sine ofg — ^. 

'' do 

ARTICLE XXXIII. 

Having from b or d rtm a earvcy b x o, or d y t, Figs. 43 

and 44, </ hrvovm radiu8y and eeniral angle^ h oo oi* 

d n t, t£^ vdsh to change the radius, 80 that the riew curve 

. 8hdUj at its middle point, xor y, be a given distance, x y, 

from the old one. 

Required the hew rdditis and b d. 

Case I, Fig. 43. When Wit ci&ntral angle is less than 
180°. 

A.— Whein the outer curve, b x o, has been rmifirsL 



Ist. Find ae=i radius be-i- cosine of 6 c a = radids ft c -=- 
cosiiie of luxlf bco. 

F 
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2d. Find ax=^ ac — rad. b c. 

3d. Find ay = ax -{- given distance xy. 

4th. Find new radius^ d n, thus : 

ao? : ay :: old rad. 6c : new rad. dn* 

5th. Find bd= {dn — be) X tangent of bca.'f 

Example. — Let rad., 6 c, of the curve, bxo, first nm, 
be 300 ft; the central angle^ 6 c o = 100° ; and the given 
distance^ xy=SOfL 




Fig. ^^3 



Then we have, 

Ist. a c = radius 6 c -?- cosine of 6ca = 6c —-cosine 50® 
= 300 -- .6428 = 466.7 ft. 

2d. aa;=ac — 6c=466.7 — 300= 166.7 ft. 

3d. ay = aa? + a:y= 166.7 + 80 = 246.7 ft. 

4th. axiay :: 166.7 : 246.7 :: be : dn :: 300 : 444. 
dn = 444. 

5th. bd = (dn — be) X tang. bea:=cn X tang. 60° = 
(444 — 300) X 1.19175 = 144 X 1.19175 = 171.6 ft. 

B. IVhen the inner curve d y t has been run first 



MUZB. 



1st. Find an = dn-i' cosine of d n a =: 

2d. Find ay = an — dn. 
3d. Find ax = ay — xy. 



dn 



COS. i dnU 



'^Because by similar triangles, as ax : ay ;: ah lad; and as 
ah I ad :: he l dn, 
f Because ad is =d n X tang, oi dna or he a; and a 6 = 6 c X 
tan^. of be a; and db = ad — a6 = (dw — 6c)X tang, of be a. 
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4th. ay:ax::dn:be. 

5th. bd = {dn — be) X tang, of dna. 

Case 2| Fig. 44. When the central angle exceeds 
180^ 




^k 



Rule. — Subtract the central angle bco, or dnt (sub- 
tended by the curve), from 360° ; and use the remainder 
(which will be our " substitute angle/^ or 
the smaller angle 6co or dnt) as a sub- 
stitute for it ; proceeding precisely as in 
the foregoing A and B, with the follow- 
ing exceptions : 

(A.) When the outer curve, bxo, has 
been inin first, 

a X will be = a 'phi» b c; and 
a y will be = a a? minvs x y. 
(B.) When the inner curve, dyt, has been run first, 
a y will be = a n plus dn; and 
a X will be = a y plus x y. 

Remark. — Fig. 45. When the central angle is precisely 
180°; it is evident that the radius remains unchanged^ 
and that the dist bd\&^=zxy. 




ITig.^rG 
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ARTICLE ZXXIV. 

To find what radiuSy a c, Figs. 46 and 47, a curve a z, 
darting at a, must have, and how many chords it must 
run ; in order to pass through a point z, at given dis- 
tances, w z, at right angles to the tangent b a ; and f z, 
or Si w, at right angles to a f ; in front of a, Fig, 46, (yr 
behind a, Fig. 47. 

Rule. — Divide wz hy aw. The quotient will be the 
tangent of x. From the table, p. 124, take a;,* and multi- 
ply it by 2. The product will be the central angle t. 

b w a 




Then radius ac is = 
And ^^S^' ^- - 



fzbtaw a f or wz 



sine of t versed sine of £ 
= number of chords of cuiTe 



chord-def. angle 
from ato z. 

ARTICLE XXXy. 

To find how far aw. Figs. 46 and 47, from w to start a 
curve Siz of given radius, a c, in order to pass through 
a point z, at a given distance, wz, at right angles to the 
tangent ba; in front of a,, Fig, 46, or behind a. Fig. 47. 

Rule. — Divide wzhy the radius a c. The quotient will 
be the versed sine of central angle t. From the table, 
p. 170, take the angle t. f 

Then aw = rad. acX sine of t. 

* In Fig. 47 take the tabular x from 180®, for the true x, 
fin Fig. 46 t is the leaer of the two angles in the table ; in Fig. 
47, the greater. 



ARTICLE XXXVI. 

To find how far, w z, Fige. 46 and 47, a curve, a. z, of given 
radius, a c, wilt be from, and at rigid angfes to Us tan- 
gent, b a, after running a given number of chorda. 
Rule. — Multiply tLe chord-defl«:tion angle by the giveu 

niiiiiber oi' chorda. The quotient will be the central aa- 

gii, /. 

Fhid the versed aine of (, in table, p. 170. 
Then W3'i&=^ radius a c X ver. siue of t. 

ARTICLE XXZ7II. 
To PfiAS or Clear Obstacle!, 

Mode I, Fig. 48. Suppose that in running a straight 
line froiu a towards b, we meet with an obstacle, o, which 
may be a deep pond, or a building, etc. To pass it, at any 
convenient point c in the line a b, lay otF an angle <! of 
60°, thus sighting along en. 
Prom c measure c n sufficiently 
long to clear the obstacle. Re- 
move the instrument to n, and 
lay off another angle of 60°, 
thus sighting along n e. Make 
Ti e as long as, en. Then e will 
be in the straight line ab; and 
its distance from c will be equal 
tocnorwe. From e take sight at n; lay o£F the angle neo, 
60°, or the angle neb, 120°, and then the telescope will 
sight along the line ab, which we are running. This is 
perhaps the neatest and most expeditious mode of pro- 
cee<ling in such cases. 

Remark. — If any other angle than 60° is used at c, 
then the angle e must be made = c. The angle n must 
be made ^ (180° — the sum of e and e), aud the di»- 
tance, c e, will be ^= c n X 2 X cosine of c. 

Mode 2, Fig. 49. At times this may be found more ap- 
plicable than Mode 1, although a little more troublesome, 
as it requires four angles of 90° instead of three of 60°. 
Running from m towards c we have to clear the obstacle 
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d. At any convenient point o on tiie line m r, lay off thi 
angle 90°, thus sighting towards v. Measara off any dis- 
tance o e aufficient to clear the obstacle. Move the instni- 
ment to v, and make the angle 
at « 90°; thus sighting along 
vw. Measure 1) w long enougli 
to clear the obstacle. Move the 
instrument to w, and lay off the 
90°, thua sighting along wn. 
Make w s as long aa o d. Then 
8 will be in the straight line m r; and its distance from o 
will be equal to « ip. Move the instniment to s, and lay 
off the angle wraoorwsr;= 90°; and then the telescope 
will sight along the lijie m r which we are running. 

Mode 3. — By long chords, Fig. 60. Having run a 
curve from o to d by tangential angles oac, caif, 
with 100 ft. chords ^. 

ac, cd, we find Uiat 
an obstacle prevents 
our sighting to e. In 
that case we omit o: 
measuring the two 
chorda de, ef, and 
leaving e to be fixed 
by some other proc- 
esa, we go on to /, 
thus : Lay off the tangential angles dae, eaf, as if no 
obstacle existed ; and sighting along af, make it a long 
chord corresponding to four stations, ac, 6d,de, ef, and 
to the radius of the curve, as per our Table of Long 
Chords, p. 58. 

Or, after sighting from a to /, meoHUre from ri to / a 
long chord df (not shown ia the fig.) corresponding to two 
stations d e, ef, as per the same table, fixing the end / by 
the instrument at a. The curve may then be continued 
from /by tangential angles, /a^, etc., and 100 ft. chords, 
fg, etc., as at first. 

Mode 4. — To carry either a tangent, hf. Fig. 51, or 

any curve (whether simple, compound, or rever8e\ past 

an obstacle o. 

Ituaiiiug a line from k we meet the wbitacle o. To 
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it, select any point, a, in the line (which is here a curve), 
as near as convenient to the obstacle. Kjiowing the dis- 
tance, a 0, in chords, find the central angle, x' = number 
of chords X chord-deflection angle. 

Find the apex distance, a b or ob = radius caX tan- 
gent of half x^. 

Place the instrument at a; lay off a tangent ab; upon 
it measure off the apex distance ab; and drive a stake at 6. 

Then 6 is a point in the tangent bf. 



Bemove the instrument to 6/ take sight on a, and lay 
off the angle x = x\ Revolve the telescope, thereby 
sighting in the direction of the taiigent bf. 

Lay off, on either side of bf, any angle v (which had 
better, if possible, be just 60°), and atoy measured distance, 
6 A, that will serve to clear the obstacle. Drive a stake 
at h. 

Remove the instrument to h; take sight on 6 ; revolve 
the telescope ; lay off the angle 2v = twice v, thus sighting 
along hf 

Make hf= bh. Drive a stake at/, which will then 
be a point in the tangent bf 

If the angle v has been made 60°, /6 will be = A/ or 
bh; otherwise Ave must calculate fb, which \a= bh X 
cosine of v X 2. 

Remove the instrument to/; take sight on ft, aivA.\a:j 
off the ang-le z?'= v/ thei^eby sighting along the tawgeut J b. 
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Now, if the curve ends at o, this tangent is, in itself, all 
we want ; but if the curve (either simple, corapomid, or 
reverse, as represeuted by the three curves beyond o) is to 
be continued beyond o, we proceed in either of the thi-ee 
eases, and by the same process, first, to find a point in the 
crn^-e beyond o ; aud then to run the curve in either or 
both directions from that point. For illustration we shall 
select the curve o (, and sliow how to find a point, g, in it. 

On the tangent/6 take any convenient point, as/, af a 
hnovm digtance,fo, from o.* Divide this/o by tlie radius, 
Sf of the curve to be nm. The quotient will be a natural 
tangent. From the table take out tlie angle corresponding 
to it. Multiply this angle by 2. The product will be 
the central angle, m', of the part curve, oeg. Place the 
instrument at /; lay off m (^= mi') tlius sighting in the 
dii'ection /,9; and make /j equal to the known distance 
fo. Then is 5 a point in the curve; and /^ is a tangent 
to the curve at g. Hence it is easy to run tlie curve in 
either direction from j. 

Mode 5 accomplishes all that can be done by Mode 4, 
even in case some obstruction, as the river in Fig. 52, 
should prevent our making use of the apex point, b, so 
essential in that Mode. Thus if, when muning from k 
towards /, we meet an obstacle, o, we imagine a stake, /, 
to be driven on the tangent, at a given distance, / o, from 
and beyond the obstatJe, such that / could be seen, aud 
a/ measured from a. We tlien calculate the angle b a/, 
and the distance af, both of which being laid off^from a, 
plainly enables us to place an actual stake,/, in the tangent. 

In the first place, to fiud the angle 6 af, knowing the 
length in chords of the part curve, aeo, we can find its 
central angle, x, and its apex distance, b a or bo; also 
the angle a bf ^^ 180° — x. Therefore, in the triangle 
a bf, we have given two sides, a b aud bf (the last = bo 
-\- the given distance, /o)j* and the angle abf; to find 
the angle b a/ and the side af. 

Now we kuow tlie sum of tlie two angles 6 af and bfa 
to be :^ 180° — ft bf. Call this sum s ; and call their 
unknown difference, d. After finding d, then half of « -(- 

*I(we Belecl llie point/, jiisl found, ne know lliat/o ui—fb — oi. 



TO PASS OK CL.EAK OBSTACLES, 



89 



half of d will equal the larger angle (6 af) ; and liolf of 

« — half of d will equal the smaller one {bfa), which also 

will be needed after finding/. 

Now to find d, we use the well-known trigonometrical 

rule, 

Sum of the two , Their , , Tan^. of , Tang, of 
given sides * difference • * half of s * half of d. 

Having in this way found the angle b af find the dis- 
tance af by another familiar trigonometrical rule, 

Sineof6/a, Sine of a 6/, The given . The reqd. 

opposite the : opposite the : : .^^^^ I ^^^e, af. 
given side, a h reqd. side, af ' ' -^ 




Having found and measui'ed off the distance, af and 
driven a stake at/, move the instiniment to that point; 
take sight on a, and lay off the angle l>fd. The telescope 
will then sight along the required tangent,/ 6. 

From any point on this tangent any kind of curve may 
be commenced, if requii*ed, or may be continued fixw the 
point o, as in Fig. 51, Mode 4. 

8* 
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ARTICLE XZZVIII. 

The object in easing off the ends of curves, that is, in 
gradually increasing the radius near the ends, is to enable 
tittins to lesive the straight line less abruptly, and thus to 
reduce the momentary Jar so commonly felt at the instant 
of entering a curve, especially when of short radius, and at 
high speed. This jar, which is not only unpleasant to pas^ 
sengers, but damaging to engines and cars, is owing to the 
flanges at first stHking an Mique blow against the outer 
rail of the curve. After this blow has been struck, the 
subsequent steady pressure against the outer rail is com- 
paratively harmless ; and indeed may be greatly increased 
by a gradual sharpening of the curve,, without any repe- 
tition of jar. 

The great point, therefore, is to carry the train from the 
straight line to the sharpest part of the curve, with a 
steudUy increasing pressure, and without jar. 




The writer believes that the following simple process 
will be found to answer sufiiciently well in pra^ice, al- 
though many may consider it veiy crude in theory , inas- 
much as it always gives the same distance for effecting 
the change. 

Its execution in the field is extremely simple, which is 
an important point in such matters. It applies to the 
sliarpest curve that can be traced with 100 ft. chords, as 
well as to the flattest. one in which easing off of the ends 
will be at all likely to be considered expedient ; say one 
of fi-om 3,000 to 4,000 feet radius. 

Rule. — Let x n, Fig. 53, be part of the curve; and xa 
its tangent. Divide the chord-deflection distance (Table, 
p. 18) by 10, The quotient will be ex. Set eveiy stake 
of the entii'e curve inward this distance, c .t, so that the 
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CTirve shall be removed to c a* The radius of the curve 
is tlius evideotly shortened to the extent of ex; hat this ' 
is of no importance. From x mea'^ure on the tangent 100 
i'eet to s ; and from c measure 50 feet to the curve at a. 

Either stretching a piece of twine from « to o, or rang- 
ing along s o with the transit, lay off the 1 1 equidistant 
ordinates, if for rail laying; or only the middle one (6), or . 
it and the two quarter-way ones (3 and 9), if for grading. 

Since :bs is always 100 feet, and eo 50 feet, the dis- j 
tance apart of these 1 1 ordinates will always be nearly 
12-5 feet. 

The ordinates themselves in feet are found for any 
curve, by multiplying cjj by the following 

XDXTIFLIEBS. 



Ord, 


MuU. 


Onl. 


Mnlt. 


Ord. 


Mult. 


Ord. 


Mull. 


1 


■Iftft 


4 


■645 


7 


•07.'> 


in 


■715 


2 


-Ahf, 


5 


■775 




■990 


11 


-430 


3 


■605 


6 


■890 


9 


■^ 







Example. — Let x n, Fig. 53, be part of a 6° curve, or 
955'4 radius, and a; a its tangent. Its deflection distance 
(Table, p. 20) is then 10'47 feet ; one-tenth of which, or 
1-047 feet, is ex. Move all the stakes of the entire curve 
inward 1'047 feet, as along coa.f From x measure 100 feet 
to «,• and from e measure c o, 50 feet, to the curve ; driving 
stakes at s and o. Multiply ax, or 1'047 feet, by the 
above multipliers; thus finding the following 11 ordi- 
nates, of which lay off as many as ai'e needed. 

* Or, which would be muoh better^ the curves may be traced in- 
side of tlieir tant^ents during the definite location, tbua avoiding the 
noceasitj for removing thejo, or for Bhortening the radius. 

fThe tible ofci in feet below shows that even very sharp otrves 
require to be moved inwai'd but a short diKtance. 
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REMISTANC'E OP ( 



Ord. 


ora. 


OrO. 


Ord. 


1.=-1S8 
2.= -372 
3. =-529 


4.= -675 
5.= -811 
6.=-9S2 


7.= 1-021 
8. = 1-037 
9.= -048 


10. =-749 

11. =-450 



ARTICLE XXXIZ. 
Resistance of Curves. 

The following will merely give some general i 
the principles involved in investigating this most intricate 
and practicallf wnsolvahh subject.* 

The resistance which curves oppose to the passage of 
trains is influenced by many circumstances: such as ths 
velocity; radius of the curve; wind; diameter of the 
wheels; shape of the wheel-treads, whether more or less 
conical ; by the distances apart of the several pairs of 
wheels; by whether the cars are empty or loaded, for 
an empty train offers greater resistance than a loaded one 
of the same weight ; by the kind of coupling ; by the width 
of track ; its condition ; the degree of elevation of the 
outer rail; the length of the train, for a long train expe- 
riences proportionately more resistance than a short one, 
owing to the obliquity of the traction, etc., etc. From the 
want of sufficient experimental data, the subject is but 
imperfectly understood, and consequently all calculated 
results are more or less liable to error. Our own opinion 
is that the resistance has been usually iinderrated. So far 
as we can judge from the incomplete and contradictory 
experiments and observations that have been recorded, 
we are inclined to believt; that at the speed of about 25 
miles per hour, on a track in good order, and with trains 
equal to from 6 to 10 etght-wheeled cars, we may assume, 
as a rough approximation, that a level curve of 400 feet 
radius will oppose a resistance of about 15 lbs. for every 
ton wdght of the train, in addition to the resistance on a 

*0f late years milph has been written on the aubjeet of the influ- 
ence of curves and gr^es; by none more ably than by Mr. Arthur M. 
WalHngton, Civ. Eng., to whose " EJxinomic Theory of the Location 
■ " ■■ ■■ ■■■' ■" "■ "■ le.'' 73 ~ 
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level straight line. On a level straight line, in good order , 
and in calm weather, the resistance at 25 miles per hom* 
is about 12 lbs. per ton. On these assumptions, Aerefore, 
the total resistance on a level curve of 400 feet radius, at 
25 miles per hour, would be 27 lbs. per ton, or 2J times 
as great as on a straight line. 

Now, the assumed additional 15 lbs. per ton, due to 
curvature, or deflection, alone, without any regaixi to dis- 
tance, is the Yi-sH ps^rt of a ton ; and the yj^j^ part of a 
mile is 35'36 feet; being that grade, or inclination, which, 
by the principle of the inclined plane, increases the gravity 
resistance of a ton, or of any other weight, the j^^^ part. 
Therefore, our ascribed resistance for a radius of 400 feet, 
at 25 miles per hour, is equal to that of an upgrade of 
35-36 feet per mile ; or, -670 of a foot per 100 feet. If, 
in addition, we assume, as is usual, but probably incorrect, 
that at the same speed the resistance of curves is as the 
tabular angle of deflection, or inversely as the radius (al- 
though some experiments seem to show that the inci^ease 
is much more rapid), we arrive at the results given in the 
following table ; and which are probably at b^t but rude 
approximations. They are about one-sixth part greater 
than our suggestion for reduction in the Table on p. 95. 
Which is nearest the truth, we are unable to say. 
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TABLE OF RESISTAirCES 
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D. M. 
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F»l, 
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400 


14 22 


15 


S5-36 


■670 


2400 2 23 


2-5 


5^89 


■112 


600 


11 30 


12 


28'29 


-636 


2600i 2 12 


2-31 


6-44 


■HI3 




800 


9 34 


10 


23-57 


■447 


2800 


22 


2-14 


5-06 


■006 




700 


8 12 


8'57 


£0-21 


■383 


3000 


1 64 


2 


471 


■089 




800 


7 13 


7-5 


17-G8 


■335 


3200 


1 47 




4^42 


■084 




900 


622 


6-66 


15-72 


■298 


3400 


1 41 


r76 


416 


■079 




JOOO 


543 





14] 4 


■2es. 


3600 


1 35 


1-67 


3^93 


■076 




]1(I0 


5 12 


5-45 


12-86 


-244 


3800 


1 SO 


1^58 


3^72 


■071 
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4 47 


6 


11-78 


-224 


4000 


1 26 


1-50 


3-54 


■067 




1300 


425 


4-64 


10-94 -208 


4200 




1-43 


3-38 


-064 




1400 


4 5 


4-28 


10-11 ; -192 


4400 


1 18 


1-36 


3-22 


-061 
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3 49 


4-02 


9-48 


■180 


4600 


1 IS 
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■058 




1600 


3 35 


3-76 


8-84 


■168 
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1 12 


V25 


2-94 
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3 11 


3-33 


7-86 


■149 


5280 


1 3 


1-14 


2-68 


-051 




2000 


2 52 


3 


7-07 


■134 


6730 


1 


105 




-047 




2200 


2 30 


2-72 


6-43 


■122 


6000 


57 


1 


^■36 


-044 





For ease of recollection, we may, according to this, coji- 
Bider the resistance of ciu-vattu-e alone, ut 25 miles per 
hour, as about 1 lb. per tou for each degi-ee of chord 
deflection angle. If, on ascending grades, we wish to 
equalize the traction on curves, and on straight lines, for 
a Bpeed of 25 miles per liour, we must flatten the grades on 
the curves at the rates given in the last two columns. But 
since the resistance of curvnture is affected hj the velocity, 
it plainly follows that the flattening which is best for fast 
passenger trains, cannot also be best for slow freiglit; 
so that, even if we could determine a precise law of i-e- 
sistance, we could not so apply it as to suit both. So far 
as we are aware, there are no absolutely i*eliable data ou 
tlie additional i-esisfance of cuitcs at different s 
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Some have suppoHed it to be independent of the velocity ; 
but it has generally been assumed to increase in some 
proportion to it; but Mr. Wellington found "tliat the 
additional resistance of a 1" curve is over 1 lb. per ton 
(2000 lbs.) at a velocity of 12 miles per hour, and de- 
creases to about J lb. per ton at a velocity of 22 miles per 
hour. The resistance of an 8° curve was over 8 lbs. per 
ton at a velocity of 9 miles per hour, and decreased to 
about 6J lbs. per ton (probably) at a. speed of 19 miles 
per hour." 

These unexpected results are in accord with Professor 
Thurston's discovery that journal friction decreases at high 
velocities. 

On the Pennsylvania E. R. the grades were originally 
flattened on curves, at tlie rate of from full 1 foot per 
mile, on moderate ones, to 1} foot on the steeper ones, for 
each 1° of chord deflection angle of the curve; but ex- 
perience on that road at speeds Iras than 25 miles per hour 
showed this to be too little. 

Perhaps until we can imth cfrtainty do better, we may, 
for any velocity, reduce the grade on curves at the rate 
of -04 of a foot per 100 feet (2-112 ft. per mile), for each 
degree of chord angle of deflection {p. 18), as shown in 
the last two columns of the following table; or about 
one-seventh part less than in the preceding one. 

Remark.— Since the reduction of gi-ade is often difficult 
to accomplish without much expense, it seems scarcely 
WOTth while to do it at all in such caeea (or indeed iu 
othere), except when, without it, the curves would tax the 
power of tlie locomotives unduly. 

TABLE FOA THE SEDUCTION OF GEABE8 ON CUETES. 
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R«nark. — It is plain that, when the graAea wee. N^-rj 
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mo<lprat«, and the curves at the same time shai-p, the 
grades cannot be reduced sufficiently to compensate for 
curvature; so also when the road is level. 

Mauy of the principal raib-oads, both in the United 
States and in Enrope, liave some curves with very small 
radii. On the Pennsylvania R. R. are several, of from 
637 to 717 feet radius. The Reading has several of 800 
feet. Ou the New Jersey Central is one of 400 feet. On 
the Baltimore and Ohio are many of from 400 to 600 
feet. Ou all these roads, however, the curvature is being 
reduced at heavy expense. On the Lehigh Valley road 
is a curve of nearly a semicircle, tile ends of which have 
radii of 717 feet, thence gradually decreasing both ways 
toward the center, where it is only 359 feet. About half 
this curve has a grade of 10 feet per mile, and tlie other 
half has 30 feet; both in the same direction. Descending 
trains of 110 four-wheeled loaded coal-cars (900 tons in 
all) have no difficulty in pairing tlie cur\'e; but if the 
empty trains stop on ascenuing, they frequently have great 
trouble to start again, and -then resort to sanding the rails. 

Ou the Malianoy and Broad Mountain road, tanlt en- 
gines of 35 tons, all on 8-drivers, draw 40 emply eoal-cars, 
*eighing 100 tons, up a continuous grade of 175 feet to a 
mile, for 3J miles, around an almost constant succession 
of curves of from 450 to 600 feet radius, at 8 miles an 
hour, as a regulai' btisineaa. 

When the radius is less than about 1000 feet, the width 
of the track should be slightly increased, otherwise the 
wheels of the train are apt to bind between the rails and 
break. About an inch will answer for this purpose on a 
curve of 400 feet radius; f mdi for 600; J mch for 800; 
J inch for 1000, as a purely empirical approximation. 

Curves are especially objectionable in deep cuts and on 
steep gi-ades. In tlie former they prevent the driver fram 
seeing ahead ; and when descending the latter there is 
greater danger of leaving fbe track, inasmuch as the speed 
of the engine is not under as perfect control ; especially 
with slippery rails. 

The ooning of the treads of the wheels tends theo- 
retically to diminish the resistance of cur\'ea, by virtually 
enlarging the diametei- of the outci- wheels to a degree 
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commensiu'ate with the (rreat«r distance they have to travel 
along the outer mil. The elevation of the outer rail, 
by raiuuteraeting tlie eeiitrifiigal force, still fui-ther re- 
duces the i-eaistMice. But unt'ortunatt'Iy tlicse aids caunot 
be 80 applied as to suit the diiferent velocities of fast 
and slow trains. If, as is always doue (with a view to 
the safety of passengers), they are adapted for fast trains, 
then thoy pi-oduee an opposite effect upon the slow ones, 
wliich, fur want of sufficient centrifugal force, slide dotvn 
the inclined plane fonned between the two rails, uutJl the 
lower flanges nib against the inner rail. When this takes 
])Iace, the inner wheels not only have a less distance to 
ti-avel than the outer ones, but, their diameter becoming 
enlai^ed, they must evideutly sUde, as well as revolve, in 
oi-der to keep pace with them. This sliding produces a 
dangerous twisting, or torsional, strain upon the axles, 
rendering them liable to bi'eak, especially if the (airs are 
heavily loaded. 

Moi-eover, even when tlie coning of tlie ti-eads enables 
tlie cars to run more easily around eurve8, it adds to tlie 
I'eaistaDce upon straight lines. Inequalities of the track 
then cau.se the tmu to run in a zigzag line, pressing the 
flanges alternately against-the opposite lines of rails. On 
this accouut tlie couiug has of late years been much re- 
duced, until at present it i-arely exceeds 1 in 20 ; and on 
some of our principal roads it is but 1 in 60. Finally, 
the cone is soon worn off by use, and the wheels become 
evlindrical. 

AETICLE XL. 

Oa the Elevation of the Outer Rail on Curves. 
When a train is going around a curve, the centrifugal 
force throws it ou/waiW against the outer rail; and this 
foi-ce increases directly as the square of the speed, and in- 
versely/ as the radius. To counteract it, an imoard tendency 
is given to the train by placing it, as it were, upon an inclined 
plane formed by raising the outer rail above the inner one. 
It is evident that theoretically eaeli velocity requires its 
corresiMuding elevation ; but inasmuch as this caiTO*A. tfc 
effected in practice, the elevatiou is pvo'pOTtAoiawJi \« "iJwfc 
^greatest prolmblc sjjeed, iij order to seewve t\\e ^^ato-j *^'^ 
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P 

I paEseDgers. Slow freight trains will tbeu slide dairn the 

I inulin^ plane ; and the Hanges of their wheels will mb 

I against the inner mil, and wear it more rapidly than the 

I outer one; hut this must be submitted to. 

m On the other hand, a great elevation of the outer rail 

I causes the ears to lean sideways to a d^;ree that is dis- 

agreeable to passengers; and liable to displace freight. 
I Therefore a limit of about 6 inches on 4 ft. 8J in. gange 

is usually assumed as the greatest elevation to be given in 
any case; and where the ciu-ves are bo sharp that this is 
not enough for safety at gi-eat speed, orders are given to 
diminish the speed. This would answer very well if the 
orders cotdd always be enforced ; but as this eaniiot be 
done, it involves an element of danger that can be averted 
only by the adoption of tasy curves. 

Either of the two following formulas gives the elevations 
in the next table. Both might be greatly and uselessly 
complicateci by admitting the coning of the wheel and 
other considerations ; but these refinemente may safely be 
diseai-ded. 

Square of speed g«<^ige 

Formula I.— . .^' I"" = in leet per second "^ in inches 
,n mchea -^^ji^i^ feet X 32-2 
_, Square of speed gauge 

Formula 2 _E'evation _ ;„ ,,,51^3 j^^ur ^ in feet 
in inches — ^ .t-^ — j ^ ,, i t.- — 
Raduis m feet X 1'2.D 

The common gauge of 4 ft. 8^ ins. is equal to 4*7083 
feet, or to .5ti'5 inches. 

Remarks.^ — While speed was restricted to about 35 or 40 
miles per hour, the rule of thumb, of half an inch ele- 
vation for each degree of chord deflection angle, seems to 
have tinswered very well, although but half of what the 
formulas require, as seen in our table, in the column for 
40 miles speed. But of late years ibis ba.'', on many lead- 
ing roads, been increased to 1 inch per degree of chord 
defection angle, to meet the increased speeds of 50, 60, or 
more miles per hour, winch are becoming not unfrequent ; 
more thau 80 have in fact been accomplished. The 
maximum elevation, however, is still limited to aliout 6 
inches ou 4 ft, %\ in. gauge. 
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It will be seen that on any curve in our table (from 1 
to 40°, or from 5730 to 146 ft. radius), the rule of 1 inch 

Eer d^ree is safe at a speed of nearly 40 miles per hour j 
at that after 6°, or with less radius than 955 feet, the 
above limit of 6 inches is exceeded. There can, liowever, 
be no doubt that where the elevation has been but J an 
ii^sh per degree, tmins have daily travelle<l curves at 40, 
and, perhaps, at timfs, at 50 or more miles per hour; and 
that even where there waa no elevation at all, but where 
the formulas call for about 3 to 3^ inches, as on turnouts 
of only 700 to 800 ft. radius, they have habitually run at 
25 or more miles per hour. 

These facts, however, do not invalidate the principle 
the formulas. 

Our following table indicates that at 1 inch per degj 
with a limit of ti^ inches total elevation, a 1° curve woi 
besafeat lOOmilesanhour; a 2°oiieat70mi1es; &3'' 
at near 60 ; a 4° one (1433 ft. rad.) at 50 ; a 6°one (955 
rad.) at 40; and a 10° one (574 ft. rad.) at fiill SO mih 

Our table is for the standard gauge of 4 ft. 8 J ins.; fo 
greater or for less gauges the elevation will increase 
diminish directly aa the gauge ; tims maintaining the sai 
rate, or angle of elevation in all «Lses. 

The elevation must, of course, be made gradually. 

When the curve is uniform, that is, when its ends 
not eased ofl' by lai^er radii, it is usual to begin the rise 
of the out«r rail at a distance of from 50 to 100 feet back 
on the straight Hue, for each inch of elevation. Thus, for 
6 inches elevation, some engineers go liack 600 feet, and 
others but 300, and rise gradually until the entire elevation 
is attained by the time they reach the P C, or beginning 
of the curve. 

But if easement curves are used at the ends of the main 
one, the elevation is begun at the beginning of the easement. 

The writer lielieves that even 50 feet i>er inch of ele- 
vation is more dian is netxasary. In his sug^stion, p. 9& 
for using easement curves 150 feet long in all cases, ' 
the elevation begins with the easement, it will (for a spi 
nf 60 miles per hour) vaiy between 2'37 ijiches 
feet on a 1° curve (5730 it. rad.) ; and 6 inches 
feet on all curves of 2J° or more, supposing ft V'adn.ea 
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be the limit. This last is equal to 1 inch in 25 feet, or to 
a grade of 17*6 feet per mile, which the writer cannot 
regard as excessive, especially when the grades are reduced 
for curvature. 

In the Wharton Safety Switch, as it has been laid for 
many years on a number of our main lines, there is an 
elevation of 2 J ins. in a distance of only 4 feet ; or at the 
rate of 15*6 ins. in 25 feet; or 275 feet per mile. This 
sudden rise has since been reduced to If ins., or still nearly 
11 times our maximum rate. 

Should ours, however, be considered too rapid a rise, 
the elevation may be commenced 50 or more feet farther 
back on the tangents of such curves as require more than 
say about 4 inches elevation ; and without any change in 
the easement curvature itself. But, as before remarked, 
the writer does not himself consider this at all necessary ; 
the main point being, in his opinion, to enter the casement 
curve without jar ; and then to maintain a gradually in- 
creasing outward pressure (insensible to passengers) until 
the main curve is reached. He believes that by the fore- 
going method these desiderata will be secured, at least so 
far as practical consideratigns may call for. 
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ARTICLE XLI. 
Equation of Cnivatnre. 

This consists in aatxirtaining what amount of siraiffht 
distance produces au expeuditim: ol' motive power equal to 
that produced by a given aniouut of curvature, aay 1°. 

There is a certain amount of resistance encountered by 
trains on a straight line ; and the overcoming of this re- 
sistance costs money, not only for motive power, but for 
repairs of engines, cars, tracts, bridges, ete. But il' that 
identical piece of straight road be bent into a curve, with- 
out any alteration in its length, then the resistance and the 
consequent expense of motive power and repairs will also 
be increased; and it is usually supposed that the increase 
will be in proportion to the amount of bending. This 
increase, therefore, is plainly not a conaJK^uence of the 
distance, which remains as before, but merely of the bend- 
ing, defleciion, or eurvata/re; and in equating i'or curvar- 
ture, with a view to a comparison with straight lines, we 
have to consider, not the total resistance upon the eurve, 
■ but only that portion of it which is due to the curvature. 
If we kuew, from experiment and observation, how much 
tlie expenses of running a road are affected by curvature, 
we might prepare formulas giving a tolerably accurate 
solution of the question ; but in the absence of such data, 
we are compelled to resort to certain assumptions, the osr- 
rectness of which is somewhat problematital. It is prob- 
able, also, that facta which should materially modify our 
conclusions are lost sight of; as, for example, the greater 
danger of sudden curves. 

It is assumed that the total amount of extra power due 
to tiureature, and expended in running around any given 
curve, at any given speed, is in proportion to the number 
of degrees contained in the curve, witliout regard to its 
radius or length. 

Thus, 1 ° of radius of 400 feet has only J the length of 
] ° of 1600 feet radius ; but the extra power exerted at any 
one instant, on the short radius, must be 4 times as great 
as that on the long radius, in order to keep up the same 
speed on both. But on the long radius, although the 
power exerted at any one instant is only J as great as that 
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on the ,«hort one, still it has to be exerted 4 times as long, 
or duiing 4 times oB many instants, while canying the J 
train at the same rate of speed through its 4-timea-aH-long i 
1°. Therefore, the total expenditure of extra power ia I 
running around 1° of curve la the same in both cases. 

Now, we have already said that on a level straight line, 
in perfect order, and with the machinery in ordinary use, 
the reeistance to a train moving at 25 miles an hour may 
be taken as approximately equal to 12 lbs, per ton of the 
entire weight of the train. We have also assumed that a i 
curve with 1° of deflection angle mcreasee this resistance j 
to the extent of 1'05 lbs.; and that with other angles of 1 
deflection, the increase of reeistaiice will be in proportion 1 
to the nvunber of degrees contained in them ; bo that a F 
curve of 11 J^° deflection angle will present an increoflc of 
continuous resistance equal to the whole of tliat on the 
straight line. In other words, the total resistance exerted 
at each instant on the curve will be twice that exerted on 
the straight line at the same speed. Hence, if on any pro- 
posed lines of survey we have a mQe of 11J° curvature, 
npou which the velocity is to he 25 miles per hour, that 
mile will require as much power as 2 miles of straight 
line. But a cnr\'e of \\\° deflection angle has a radius 
of 500 feet, and a circumference of 3141 feet, which latter 
is of course equal to 360° of tlie curve. And if 3141 feet 
are equal to 360°; a mile, or 5280 feet, is equal to 605". 
Hence, 605° of curve of 11J° deflection angle requires a 
total expenditure of power equal to tfiat required on 2 
miles of straight line ; in other words, the curvature alone 
requires an increase of power equal to the total power re- 
quired on a mile of str^ht line. Therefore, if this mile, 
or 605° of 11 J° curve, coidd be straightened into a mile 
of direct line, we should forever afterwards save the ex- 
pense of half the power i-cquiretl to run it; that is, we 
sliould save power enough to mn one mile of straight line- 
But we have before assumed that the power expended 
upuu curves is in proportion to the numbei- of dap-ees con- 
tained in the entire curve, without any r^ai-d to the radiua, 
or to tlie length of the curve. If this be the ease, it fol^! 
lows that, by merely utrniffhtenivg 605° of <my curve, we 
shall, witiioiit diminishing its length, save power enough 
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to run 1 mile, or 5280 feet of straigfit line j or by sti'aiglit- 



605° 

feet of straiglit line ; and with this |X)wer, we should also 
save the wear and tear of machinery and track, et*.'., whicJi 
it produces, and which are assumed to be about in pro- 
portion to the power ej?pended. 

But the important point is to reduce this saving of 
power and repairs to a moneyed value. Thia will vary with 
the annual expense of running the road. The process 
usually adopted for this purpose is as follows : Experience 
shows that of all the annual expenses of running a rail- 
road, those which may be assumed to be pretty nearly in 
proportion to the power expended, such as wear and 
repairs of engines, care, track, etc., etc., compose, as an 
average of many roads, about two-thirds. Therefore, if we 
judge from previous calculations that the annual receipts 
on our proposed railroad will be about $4500 per mile; 
and the expenses about $3000, or two-thirds of the receipts, 
which is the approximate average of most railroads ; then 
about $2000 per mile, or 38 cenla per foot of road, will 
genBrally be nearly in proportion to the motive power ex- 
pended. But we have seen that 1° of curvature, or deflec- 
tion, incurs as much annual expense for motive power as 
8'7 feet of straight line ; or, in this case, 38 cts. X 8'7 ^: 
$3*30. Now, 38 cents is the interest at 6 per cent, on 
$6-33 ; and $3-30 is the interest on $55 ; therefore, in this 
instance, according to the foregoing, and with a speed of 
25 miles per hour, we should be warranted in expending 
$6'33 to shorten tJie length of the road one foot; or $55 
to merely straujfUen 1° of curvature. 

Having arrived thus far, we are enabled to decide, to 
some extent, upon the comparative merits of two or more 
surveyed routes for our rcwtd ; tliat is, we can equate them 
for omahire. Thus, suppose that one of the surveys is 
100 miles long, and has 3025° of curvature ; while the 
other is but 98 miles long, but has 4840° of curvatiwe. 
Now, since the annual ex|jenses of 605° of curvature are 
equal to those on a mile of straight line, we have for the 
two lines as follows : 
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Therefore, as regards annual expenses, the longest line | 
. will be the cheapest by nearly 1 per cent., so far as ciirva- j 
ture is concerned. This may, however, be neutralized by I 
superiority of grades on the shorter line; or by other J 
causes not of an engineering character. i 

This, we believe, is about the view usually taken of this •' 
subject. Engineers, however, generally aseume tlie resist- I 
anee of curves at much leas tlian our estimation of it, and •] 
consequently give a shorter stnught distance as equivalent j 
to 1° of curvature. Although we regard the whole pi-oceso > 
as empirical, it at least serves to caution us against too 
hastily introducing curves, from a mistaken idea of econ- 
omy in the firet outlay. On the Pennsylvania R. R., at 
the time of its location, the saving oi' 1 foot of distance 
was valued at $10, or $52800 per mile ; and the saving of 
1° of curvature at $50, or $18000 for a complete circle; 
thus making 1056°, or nearly three complete circles to be- 
equivalent to 1 mile of distance. With the present enor- 
mous business of that road the foregoing vahiations of 
curvature and distance would be absurdly small. Compsj J 
tition is a powerful element in auch matters. 1 

Finally, inasmuch as the foregoing is merely a crude, I 
incomplete, and superficial treatment of this difficult sub- 
ject, we ^;aiii refer those who wish to study it in the light 
of the most recent experience and investigation, to the 
standard " Economic Theory of the Location of Rail- 
ways," by Arthur M. Wellington, C. E. 
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ABTICLE XIIII. 
The Engineer's Transit. 

The following description is longer than tlesimble ; but 
it would have been miioh more so if we had nut assumed 
thiit the reader has an actual transit before him, and can 
thus see at a glance man)- points which it would be tedious 
to describe in wi'iting, ancf which we therefore omit. 

The details of the Transit are differently arranged by 
different makers, and to suit special purposes. Still its 
essential parts so iieai-ly i"eseinb!e each other in all, that 
they may Ije understood from our Figa-S^i and 53 J, which 
repi-esent it in its modern Ibrni, as made by Heller & 
Brightly, of Philadelphia.* This widely known firm 
fi'equently modify the detaiLs of their instriimeiita to meet 
the requirements of purchasers ; so that in some cases tliey 
do not correspond exactly to the following description, or 
to our figs. We will specify some of the variations as we 

!>roceed. The letters on the two figs, correspond. Some 
etters are repeated for dilFerent parts, hut uot where they 
could leatl to error. 

The long bubble-tube, F F, Fig. 53J, under the tele- 
scope; and the vertical graduated aro 17, are furnished 
only when the instrument is to be used for levelling or 
for measuring vertical angles. Without these appendages 
the instrument is their Plain Transit. With them, or 
rather with a graduated fnU clrc/e instead of a mere arc, 
it becomes virtually a Complete Theodolite, va-stly prefer- 
able to the clumsy and heavy insti'umenta occasionally 
imported from Europe under that name. 

Beginning at the wooden legs, their heads, Q, Fig. 53J, 
are attached (by means of bolts with wing heads) to lugs, 
D, east in one with a stout cireular piece, B, Fig. 53^, 
called the Tripod Head, which screws up into the lower 
parallel plate, S, The screw-thi-eads at v receive the screw 
of a wootlen tripod head cover when the instrument is out 
of use. 

Referring now to Fig. 53^, in the center of the lower 

♦The price of a firat-class plain transit, with shifting- plate and 

urab-boij, by these mskers, T" °"'" ■^ '■' ■'-' -- -^ 

foiig bubble-tube, FF, $220. 



plumb- bob, hj these mabcrE, is $185. One witli vertical arc, g, 1 
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parallel plate, SS, is seen a large cii-eular opening, in, 
which plays a. easting, cadrf, the npjier part, del, of 
Which, forms a socket enclosing the half hall, b; while 
its lower pari, c e, below S, constitutes the shifting plate. 
The object of this shifting plate, and of the lai^ open- 
ing, b, after the transit is set vei-y nearly over the center of 
a stake, to allow it to be placed exavUy over it, by shilling 
all the upper parts of the instrument a trifle, without 
moving the legs ; thus saving time. To permit this 
Bhifting, the levelling sopews, K, must first be. a little 
loosened, but after the shifting they are tightened again, 
by which process they pnsh upwards the upper parallel 
plate, m, thereby drawing upward the half ball, b, which 
in tiu'n draws up the shuting plate, r>, tirmly against the 
lower side of S,, and keeps it there. 

Above the half ball, o, and screwed to the top of it, is 
the single casting, mmmxx, the upper part, mm m, of 
which, forms the upper parallel plate; while tlie part xx\ 
forms a socket into which the spindles, U, T, and lu, foot. ■ 
The half ball, by its play in its socket, ddj allows the 
upper paiallel plate, m m, (and all the upper parts of the 
instnnnent), to oe set level by the levelling screws, K, al- 1 
though the laioei- parallel plate, S S (as constantly hap- ' 
pena), mny not be so. The plumb-bob string passes 
through the vertical hole seen in the centei- of tlie lialf ball. 

The four levelling screws, K, are protected from rain 
and dust by screw caps, / and g, which may be removed 
as shown at the right-hand screw, K. 

The feet, i, of the screws, work in loose sockets, j, which 
are flat at bottom, to pi-eserve the plate, 8, from being in- 
dentefl. 

The parts thus far described are generally left attached 
to the wooden legs, not only in the Add, but in the house 
between work. The parts above m (including the spin- 
dles, U, T, and *f, and ail the upjwr parts, which they 
support), may at any time be lifted together off from, oc 
replaced upon, the pai-ts below, thus: 

To place the upper parts upon the parallel plates, place 
thelowerendof the spindle, UU, in the socket, .r,r, holding 
the instrument w) that the three ifcewcs in the flange, 
sliall jiass (\m\n over the tJutc correi'imni.^iu^ liVoi-Vs,"? 
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on llip upper side of m; thus allowing the flange to bear 
fully upon m, and tlius to bring upon m the weight of all 
the upper parts. The inner end of the spring-catch, /, 
in tile meantime, automatically enters a groove around U, 
just below the flange a a, tliua securing the uppex and 
lower parts together when the instrument is carried over 
the shoulder. Now see that the clamp screws, e and H, 
are fast; and revolve the upper parts horizontally a trifle 
in either direction until they are stopped by the striking 
of the small lug on a a, against one of the fixed blocJts, F. 
The recesses in a a are now clear of the blocks, F. Tighten 
the clamp screw q, thus pressing the beveled edge of F 
tight up gainst that of the flange, a a, thereby fastening 
the spindlej U U, to the fixed parallel plates. It is to re- 
main so while thS instrument is being used ; U U and all 
below it then constituting, as it were, a fixed or stationaiy 
base, upon which all above it is free to revolve by means of 
the spindlc:!,TT andwu, which may turn in U U, either 
Bingly or together, aecoi-dirig as tlieir respective <:lanips are 
loase or tight, aa explained further on. 

To removo the upper parts from the parallel plates, 
loosen tlie damp-screw, g. Bring the recesses opposite the 
blocks. Hold back the spring catch, I, and lift ^e upper 
parts from m. When they are so lifted, tliey are held 
tt^ther by the broad head of tJie screw which is seen 
inserted into the foot of the spindle, w. This spindle is 
shown solid, but it is really made hollow in order to re- 
duce the weight of the instrument ; and the screw sjioken 
of fits into a plug let into its foot. 

Some engineers remove and replace the upper parts of 
their transit whenever they move it from one stake to the 
next ; but others cany it, all in one, over the shoulder. 

We come now to the Revolving Spindles, T T and w w. 
The Outer Spindle, T T, is cast in one with the Supporting 
Plate, ZZ; so called because it supports the Graduated 
Limb, O O, which is fastened to it by screws (of which 
two are seen), and of course turns with it, and with the 
Bpindle, TT. The Inner Spindle, tow, has' at its top, a 
broad flange, by means of which it is* fastened by small 
acreiTS (two of which arc seen) to the Vernier Plate, P P. 
The vernier plate necessarily revo\\eft with this inner 
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spmdle, and carries with it all the parts above it, as the | 
.CoiTi pa8S-Box, 0; the staudai'ds, V V; tl»e telescope, 
"""'■ confine the Graduated Limb, O O, to the fixed 
le, U, i'tgliien the damp-sei-ew, H. This presses the 
collar, 1 1, tightly agaSist the fixed spiudle, U (but 
nol against Z or T). The tongue, y, whicli projects from 
the eollar, is held between the pointe of two set-acrews, of 
which one, G, is shown, and which move in nuts that are 
cast in one piece with the supporting plate, Z Z. ■ The 
latter is thus prevented from revolving when H is damped, 
except by the slow-motion, which may still be given to it, 
and to its graduated limb, by means of the set-screws, G. 

To confine the Vernier Plate, PP, the telescope, etc., 
to prevent them from revolving over the graduated limb, 
O O, tighten Uie elamp-scrm}, e. This binds together the 
two small pieces at its foot, confining between them an 
edge of the graduated limb. The lower one of these pieces i 
is fastened to one of the two towers, in which works the | 
tangent-screw, 6, Fig. 53J. The other tower is fixed to i 
the vernier plate. By this tangent-screw we may slightly 
change the distance apart of flte two towers, and thus a 
slow-motion over die graduated limb can be given to the 
vernier plate aiter e is damped tight. j 

Reviewing briefly, when die ti-ansit is in use, the clamp, J 
q, ahvaya remains fast, and the ppindle, U, fixed. By I 
clamping H we prevent Z Z and O O from revolving 1 
(except very slightly by means of the ,sot-screws, G). By ^ 
now clamping e we prevent w wj, P P, the telescope, etc., 
from revolving horizontally (except slightly by means of 
the tangenfHscrew, 6, Fig. 53J), and the entire instrument 
is clamped fast. Loosening c {H remaining clamped), we 
release the vernier plate, P P, and allow it, with the 
telescope, etc., to revolve freely over the still stationary 
graduated limb, O O. Again, clamping e and loosening H, 
we have T T, Z Z, O O, to w, P P, the telescope, etc., free 
to revolve, as a whole, in the fixed spindle, U. 

W W is a Dust-box surrounding the vernier plate, and 
protecting it and the graduated limb. 

C is &e Compass-box, which is screwed fast to the 
vernier plate, P P ; and k k is the Needle \ \v&i aboN* J 
which Is seen the glass cover of the couiviasa-Wx.. 
10' H 




THE ENGINEER'S TRANSIT. 



M, Fig. 53^, is a cross-section of one of the two short 
bubble-tubes; and r is one of its capstan-headed adjusting- 
screws. To tlieiv right is seen a eniTcd piece of bra.=8 for 
protecting the bnbble-glass. The poeitions of these two 
tubes are shown at M M, Fig. 53^. 

V V are thc! standards supporting the telescope. 

Atp, Fig, 53^, is one of the tivo Verniers -\vhh which 
the vernier plate is furnished. Both may be read, and 
their .mean taken, when great accui-aoy is required. Ivoiy 
reflectora, c, facilitate their reading. 

Before the instrument is moved from one station to 
another, the needle should always be pressed up against 
the glass cover by means of the milled-head upright screw 
seen on the vernier plate, just to the right of the nearest 
standard. Its pivot^point is thus protected from injury. 

The Telescope, E O, is usually from 9 to 12 indies 
loii_:^. It is sometimes made to show objects inverted; 
but more generally upright. 

At R, Fig. 53J, ia a ring with a clamp (the latter not 
shown) for holding the telascope in any required position. 
One end, R, of the axis of the telescope rests in a movable 
box at the top of the standard. This box may be raised 
or lowered by means of a screw placed underneath it, and 
the axis thug adjusted for very slight derangements of the 
standards. The tangent-screw, whiiee head, rf, is seen just 
below n n, moves a vertical arm attached to the clamp-rine 
at R, and is used for slightly changing the elevation of 
the telescope in measuring vertical angles, or when using 
the instrument as a level. 

In the vertical arm is a slit, similar to the one seen in 
the vernier-arm, t, of the graduated vertical arc, g. When 
zero of this vernier is placed exactly at 30° on the arc, 
and the opposite arm placed exactly opposite a small notch 
on tlie horizontal bi-acc (not seen in our figs.) of the 
8tajidai"d, the two slits will be exactly opposite each other, 
and may tlius be used for laying oil' onsets, ete:, at right 
angles to the line of sight. 

The slide of the object-glass, O, Fig. 53J, is moved 
bacl^wai-d or for\viird by a rack and pinion, by means of 
the millofl head, A. 

The slide of the eye-glass, E, is sometimes moved in 



TO ADJUST A TRANSIT. 115 

»me way by a tnilleJ head, h; but often ihe eye-pit'ce 
ind in that case is moved iu or out by simply 

object-elide is protected by a du8t-and-rain-BUapd,n. 

A short brass tube, callcfl a shade, is uBually furnished 
with each transit. It is intended to be slid on to tlie 
object-end, O, of the telescope, to prevent the glare of the 
sun upon the object-glass when the sun is low. 

The Cross-Hairs. — At B, Fig. 53J, is an outer strength- 
ening ring, see also Figs. 54, carrying four small capstan- 
screws, p p, i i. These screws work in the croPs-hair ring, 
a^ Figs. 64, which ha.?, sti-etfhed across it, two spider-webs, 
u and A, usually called tlie cross-hairs. These are much 

(finer than they appear to be, as they are considerably 
magnified by the eye-glass. The small holes around the 
I heads of the 4 small eapstan-Bcreiv-s, ^p, ii, are for ad- 
mitting the end of a small steel pin, or lever, for turning 
them. If first the upper screw be loosened, and then the 
lower one tightened, the interior ring will be lowered, and | 
I the cross-hairs with it; and t>tc6 versa. The screws, ii, at 
the sides act in the same way for moving the ring sideways. 
If the telescope is an inverting one, that is, if it makes I 
I objects appear inverted, the cross-hairs will appear tlirough , 
I the eye-glass to travel in the direction in which they 
I actually move ; but when the telescope, as is usual, shows 
objectfl erect, then the cross-hairs will appear to move in 
the direction ^posite to tlieir actual motion, as given by 
the screws. There is no danger of injuring the hairs by 
' turning the cajtstan-screws, inasmuch as the screws a«* . 
upon the rinf/ only ; and, as seen in Figs. 54, do not come I 

Stact with the hairs themselves. 
ARTICLE XLIV. 
To Adjust a Transit. 
. . ..en either a level or a traasit is purchased it Is a good 
precaution to fii-st screw the object-glass fii-nily home to ita 
place; and then make a short, continuous scratch upon 
the ruig of the gla.ss, and upon the head of its slide, so as 
', to be sure at any time when at work that the 5;\a?s\ft m 
cbe same poBidoa, with regard to the slide, ^or i£, a£\!eE 
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all tlie adjustments are completed, the position of the glass 
filiould become pliani^ed (a^ it is apt to be if unscrewetl, 
fiaii afterward not screwed np to tiie same precise spot), 
the adjustments may thereby become materially deranged 
if the objecl>-gla'«J is eccentric or not truly ground. Such 
Kcrat<ihes should be prepariid by the maker. 

Before making adjustments, as well as while using a 
transit or level, the eye-glass and object-glass must be so 
drawn out that there shall be no parallax ; that is, so that 
the cross-hairs shall not appear to dance about if the eye 
is moved a little np or down or sideways. To secure this, 
take sight at some object, and move the object^lass and 
eye-gla.s3 until the object and the cross-hairs are lioth seen 
distinctly ; the latter without any of the apparent motion 
alluded to. After that, the eye-glass mu.it be let alone; 
and only the object-glass be moved for obtaining distinct 
vision at different distances. 

Hake tlie Adjastments in the Following Order. 

1st. To adjust the two short bubble tubes MM, Fig, 
5;]^. By means of the four levelling screws, K, bring 
the two bubbles to the middles of their tubes. Then turn 
the upper parts of the instrument lialf way around. If 
the bubbles do not remain in place, correct one-half of 
tJie error by means of tJie small caiKtan-headcd screws, r, 
of wliirJi tliere are two at one end of^ each tube ; and the 
other half by the four levelling screws. This operation 
must be repeated until the bubbles remain at the middles 
of their tubes while the instrument is being turned en- 
tirely arouui]. 

2d. See whether the vertical hair is placed truly ao in 
the telescope. To do this, first level np ; then take sight 
at a plumb line, or other vertical object. If the two co- 
incide, the hair is right. But if not, loosen slightly only 
two arf/dCCTi^ screws, of the fourpp/i, Fig. 54, and wth 
a penknife, key, or other light instrument, tap very gently 
against the sides of the screw heads, until the hair coin- 
cides with the plumb line, et«., and then tighten the screws. 
Two or three trials may be necessary. 

As to the horizontal hair, its exact position is not im- 
portant ; but it is best to liave it near or at the center of 
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the vertical one ; and if the instrument is to be used for 
levelling, or for taking angles of elevation or depression 
from the horizontal, take care that it is not moved after 
the adjustments are finished. 

3d. To see whether the vertical hair travels vertically 
while the telescope is being moved up and down. 

First, level up ; then take sight at some high object, such 
as the top of a church steeple near by. Clamp, and lower 
the telescope so as to sight on some low object. If there 
is no other, drive a stake, or chain-pin, etc., in the line. 
Unclamp, and revolve the upper parts of the instrument 
half way around. Clamp, and sight again at the high 
point. Lower the telescope again to the low point. If 
the hair still strikes this last it is in order. If not, the 
standards V V have been deranged, and the instrument 
must be sent to the maker to be rectified, unless it be pro- 
vided with an adjusting block and screw under one end of 
the axis of the telescope, by means of which slight de- 
rangement of standards may be counteracted. One- 
quarter of the error must then be corrected by this; and 
the trial be repeated de novo ; resetting the stake or chain- 
pin at each trial. 

4th. To adjust the line of collimation, so that the ver- 
tical hair shall strike objects in the same straight line on 
both sides of the instrument, when the telescope is re- 
volved vertically for taking both back and foresights. 

Placing the instrument firmly at a, Fig. 55, level up, 
and take sight at any convenient object, 6, as a chain-pin, 
stake, etc., distant 100 feet or more. Clamp, and revolv- 
ing the telescope vertically, ob- 
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serve some other object, as c, ^ 

where the vertical hair then 6 • T - '" .o 

strikes ; or better, drive a chain- ""**-.^ •v 

pin, c, in the line. It is not ^^-^^ -^m 

necessary that the distances a 6, ao^\i^ equal; the longer 
they are the better. Unclamp, and turn the upper parts 
of the instrument half around horizontally, until the 
vertical hair again strikes 6. Clamp, and again revolve 
the telescope vertically. If the hair now strikes e, this 
adjustment is in order, and c is really at o. B\\t\t \t ^o^§» 
not, observe where it does strike, say at m, and ^\ac^ a \fvcL 
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there also. Measure m c, and at one-fourth of it, as at % 
place another pin. Then by the two horizontal screws, ii. 
Fig. 54, move ihe vertical hair until it strikes v, remem- 
bering that the hair must be moved in the opposite direc- 
tion from what appears to be the right one, unless the 
telescope is an inverting one, which is now rarely the 
case. 

The trials must be repeated until the adjustment is per- 
lect. 

The foregoing are all the adjustments needed, imless 
the transit is required for levelling, in which. case the 
following one must be attended to. 

5th. To adjust the long bubble tube, FF, Fig. 53|, 
beneath the telescope, so that when level, it shall be par- 
allel with the line of sight, or of coUimation. 



Fig. 5. 




Drive two pegs, a and 6, Fig. 56, with their tops at 

precisely the same level (see Rem. p. 119) and at least 

about 100 feet apart; 300 or more will be better. Plant 

the transit firmly, in range with them, as at c, making 

6 c an aliquot part of a 6, and as short as will permit 

focusing on a rod at 6. The transit need not be leveled. 

Suppose the line of sight to cut e and d. Take the 

readings b e and a d. Their difference is b e — a d= 

a n — a d^d n; and a b : a c : : dn : d s; s being the 

height of the target at a when the readings (a s, b 6) on 

1 ' ^ 7.1 J , d nXa c 

the two stakes are equal, a s=^a a+a s=a a-\ 1 — • 

^ ab 

If the reading on a exceeds that on b (as when the line 

of sight is vfg) the difference of readings is==a^ — 6/= 

1 giXac Q. , 

a g — a t=g t ; and a s^'a g — g s=a g — - — j— • bight 

to 8, bring the bubble to the center of its tube by means 
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of tlie two small nuts n n at one end of the tube, Fig. 53 J, 
and assume that the telescope and tube are parallel.* 

Remark. If no level is at hand, the two stakes, a b, Fig. J 
56, or m n, Fig. 57, may be set level by the transit itself, J 
thus: Level tiie instrument by the 4 levelling screws. 1 
Drive one of tlie stakes, say m, at a distance of 100 tol 
300 feet from the iastrument, o. Place a target-rod on n^ I 
and clamp the taJ^t tight at any convenient height what- | 
ever, as e u, at which the horizontal hair may be made to 
strike it; it being of no importance whether tbe telescope 
is level or not. Clamp the telescope by the clamp at R, 
Fig. B3J, so that it cannot revolve vertically. Then re- 
volve tie instrument horizontally a considerable way , 
around ; it may be nearly or 
quite half way; and drive 
another stake v, at precisely „ 
the same distance from o tliat 
711 is ; and c/mtiuue to drive it until the horizontal hair 
again cuts the tai^et placed on top of it, and still clamped 
at the same height as wlien on m. 

The tops of the stakes are then on the same level, and I 
ready for the preceding 5th adjustment 

To Replace Broken CroBS-Hairs. 

These so-called hairs are, in fact, very fine cobweb; fine I 
human hair is entirely too coarse. 

Take out the tube from the eye end of the telescope __ 
and looking in, notice which side of tlie cross-hair dia- 
phragm, a a, Fig. 54, is turned toft'ard the eye. Then 
loosen the four screws, pp, ii, Fig. 54, which hold the 
diaphri^m, so as to let the latter fall out of the tele- 
scope. Fasten on new hairs with beeswax, varnish, or 

* Thii< neelectB a Binall error due to the curvsture of the eartli ; for ■ 
& ioriionloi line at H is i' h, tangentid to the curved (or "level") sor- J 
face of Ktill water at v, whereas p t is taii^ntial to WHter surfnije at a I 
point luidwuj between a and b. Heaix if the telescope at c point! 
to » it will not be parallel to the level bnbble-lobe. To allow f— 
this, and for ihe refraction by the air, whicli daninUhes the em 
raise the target on o to a point i above ». A »=.0000000206Xaqua 
of a <? in feet; but when a c Is 65U feel, h lia only about one-tenth of 
HO inch and barely coders the apparent thickness of the w ■ ■ ■ 
the telescope. 
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gimi-arabic water, etc. This requires rare. Then, to 
return the diaphragm to its jilace, press firmly into one of 
the Bcrow-holes on its circumference the end of a stick, 
long enough to ix'ach to where the diapliragni belongs. 
By this stick, as a handle, insert the diaphragm edgewise 
into its place; aud hold it there until two opposite screws 
are put in pla<.« and screwed. Then draw the stick out 
of the hole in the diaphragm ; and with it turn the diar 
phragra until the same aide presents itself to the eye as 
before ; then put in the other two screws. 

To Keplace a Broten Bubble-Glass. 

Detach the bubble tube from the instrument ; draw off 
its sliding ends; push out the biviken glass, and the 
cement which held it. Insert the new glass, with the 
proper side up (this side is always marked by the maker 
with a file-mark), wrapping some paper around its ends 
if it fits loosely. Finally, put a little putty, or melted 
beeswax, over the ends of tiie vial, to seciu* it Hgainst 
moving in its tulM, 

In purchasing instruments, especially when they are to 
be used far from a maker, it is advisable to provide extras 
of such parts as may be easily broken or lost; such as 
glaea compass-covers, compass-needles, adjusting-pins, 
bubble-glasses, magnifiers, etc. 

The following is a good form of tield-boolc fur the 
trannit aud comiJiiss combined. 

I I I I npHCTlinii ■ The HrTiI hnnii page 

t:Ulion. Distance. £|]jiaiicH. ">urae. \ „,„^j,_ ^,|,[ ^t^tehaa 

I I { I Left. I iUgiit I of Topograpliy. 

ARTICLE XLT. 
Sines, Tangents, Eto. 

The Complement of an angle or arc is its difference 
from 90". Tims, in Fig. 58, the ai-c, A B, of 60°, is the 
complement of B C, which is 30° ; and B C is the com- 
plcinent of A B. In like manner, li C is the complement 
of BCD; BCD tliatof BCDF; and ECDF that 
of B C D F A. 

The Supplement of an angle or arc is its difference from 
JSO", Tliiis A B and B C D are supplements to each 
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other : so also A B is the supplement of A B C D E ; and 
BCDisthatof BCDFA. 

The Sine of an angle or arc is a straight line, B W, 
drawn from either extremity, as B, of the angle or arc, 
A B, perpendicular to the radius, A X, which joins the 




other extremity, A, of the arc, and the center, X, of the 
circle. 

The Tangent is a straight line, R A, touching one ex- 
tremity, A, of the arc, A B, and limited between that 
point and its intersection, R, with a secant, X R, which 
passes through the other extremity, B, of the arc. 

The Secant is a straight line, X R, drawn from the 
center, X, of a circle, through one extremity, B, of an arc, 
A B, to meet the farther extremity, R, of a tang^nt^^ K^ 
which touches the other extremity, A, of t\ve axe* 
Ihr Versed Sines, see page 169. 
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The Cosine of an angle or arc is the Sine of the Com- 
plement of the arc. 

The Cotangent is the Tangent of the Complement. 
The Cosecant is the Secant of the Complement. 




irig.5S 



The Sine, Tangent, Secant, Cosine, Cotangent, and 
Cosecant of an arc, are respectively =: the Sine, Tangent, 
Secant, Cosine, Cotangent, and Cosecant of the supplement 
of the arc ; but the versed sine of an arc is not == the versed 
sine of the supplement of that arc. See page 169. 

Thus, in Fig. 58, 

60° 120° 240° 

BW(=TE)istheSineofarcsAB,BCD,ABCDE, 

800° 

BCDEFA. 
-4. R (z= J) S) is the Tangent of the sacafe arcs. 
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X R {— X S) 13 the Secant of the same arcs. 
X \V (-= X T) is the Cosine " " " " 
C Z (= F K) is the Cotangent " " " " 
X Z (= XK) is the Cosecant " " " " 

Natural Sines, etc., are those for a circle whose radios 1 
ia 1. 

On p. 124 will be found a Table of Natural Sines, 
Tangents, Cosines, and Cotangents, for all arcs from 0*^ 
to 90°; and, on p. 123, directions for extending them to 
all other angles up to 360° ; also for finding the secants 
and cosecants of all angles from 0° to 360°. 

Remark. — \Vhen, as in Art. XXXIV,, an oTigle is to 
be found from the table by means of its sine, etc., it is 
imporlaat to bear in mind that eacli sine, etc., in the table, 
ia sine, etc., to four different angles, one in each quadrant 
of the circle, as shown in the remarks on Fig. 58 ; while 
tlie table gives but one. angle (that in the firet quadrant, 
or between 0° and 90°), for each sine, etc. Tlie four 
angles thus corresponding to any one siue, etc., are neces- 
sarily suppleinentB of each other. The cu-cumstances of 
the case must determine whidi of the four is the required 
angle. Thus, in Fig. 46, a; is evidently between 0° and 
90°; while in Fig. 47 it is between 90° and 180°. 

Bemarks on the following Table of Sines, Etc, 

The following table does not contain secants or co- 
secants, but these may be found thus: for any angle not J 
exceeding 90°: 

Secant. — Divide 1 by the cosine. 
Cosecant. — Divide 1 by the sine. 

For versed sines, see Table, p. 170. 

Fop angles exceeding 90°, and less than 180°, take the I 
angle from 180°; if between 180° and 270°, take ISr" 
from the angle; if between 270° and 360°, take the angle I 
from 360°; then, in each case, the sine, cosine, ta/ngent, or 1 
cotangent of the remainder, as given by the table, ia the J 
sine, coaine, tangent, or cotangent of the angle itself; and 
the secnnt or cosecant of the remainder', found as first 
directed above, is the secant or cosecant of the ongle. 

For Varaed Sines, p. 122, see Table, pages 110 to IftX 
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VERSED BINES. 



AKTICLE XLVI. 
Versed Sines. 
Th3 Versed Sine of au angle or are, A B, Fig 
that part, W A, of the diameter, D A, which ia T 
the pine, B W, and the extremity. A, of the are. 
Thus, 

WA(=DT)istheveraedsineofABandofBCDEFA.' 
WD(=TA)i9thevereed sine of BCD and of ABODE. 

The versed Bine is^radius minus cosine. (See p. 121.) 
But in the second quadrant C D (counting from A), or in 
angles of between 90° and 180°, and in the third quadrant 
DF, or between 180° and 270°^ the cosines TX etc., extend 
from the center to the left, and are regarded as negative or 
minus. Hence in angles of more than 90° and less than 
270°, the numeriual value of the versed sine is radius plus 
cosine. 

On pages 170 to 192 is a Table of Natural Versed Sines 
(those of circles whose radius is 1) for all angles from 0° 
to 360°. 

The versed sines of angles increase from at 0° to 2 
at 180° ; and tlien decrease from 2 at 180° to at 360°. 
The angles are read dmonward on the left of the ooltimn, 
from 0° to 180° ; and upward on the right, from 180° tq^ 
360°. Each versed sine thus correspoada to two a 
and when an angle is to be found from the table by mes 
of its versed sine, we miist decide from the circumstance 
of the case which of the two is the angle requiAd. 
Remark, p. 123. 

To find the versed sine of an angle containing an odd 1 
number of minutes, take the mean between those imraedi- ' 
ately above and below it in the table. Thus, to find the 
versed sine of 89° 57' (the versed sines vary most rapidly 
at 90° and at 270°), we find in the talile the versed sine 
of 89° 56' {-9988) and that of 89° 58' (-9994); and th^r 
mean between these two, or ■8991, is the I'equh'ed \ 
Bine of 89° 57'. 
IS 
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